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1. Introduction

In modern weather prediction, numerical simulations of atmospheric models play a
crucial role. However, even if the initial state is estimated with sufficient resolution,
the simulated state can be separated from the true state over time due to the chaotic
nature of the atmosphere. In other words, a small perturbation to the initial state
can grow exponentially fast along the deterministic time evolution [50, 66]. This gives
rise to the unpredictability of atmospheric motions over long-term periods. Therefore,
it is necessary to correct the simulated state using observation data from the true
state. This approach is known as data assimilation. See the comprehensive textbooks
[34, 50] for further motivations and issues of data assimilation from meteorology and
oceanography.

A simple way to correct the simulated state is to replace it with the observation
data. However, this approach is not feasible due to two reasons. First, the observations
have insufficient resolution to initialize the numerical simulation [28]. Thus, we must
reconstruct the high-resolution state from the low-resolution observation data. Second,
the observations always contain measurement noises. Therefore, we need to quantify
uncertainty in the state estimation from the noisy observations [80]. For these reasons,
the state estimation is often formulated as the Bayesian inverse problems [26, 76]. In
this approach, the estimated state is represented by a probability distribution. In
addition, the numerical model provides the prior distribution, and it is updated into
the posterior distribution using the Bayes’ formula with the observation data. See the
standard textbooks [63, 76, 78] for mathematical formulations of data assimilation as
the Bayesian inverse problems.

The Monte Carlo method is a fundamental approach to the Bayesian inverse prob-
lems [63, 76], which recovers the posterior distribution with infinitely many samples.
From the perspective of computational costs, it is impossible to evaluate the full poste-
rior distribution in a high-dimensional state space. One approach to avoid this issue is
estimating a maximizer of the probability distribution function of the posterior, known
as the maximum a posteriori (MAP) estimate or the variational method [63, 76]. An-
other approach is estimating the mean and covariance of the posterior distribution.
These two approaches are equivalent and correspond to the least squares method if
the evolution of the state and the observation operator are represented by linear maps,
and all noises follow the Gaussian distribution. The corresponding sequential data as-
similation algorithm is the Kalman filter (KF) [4, 24, 49]. However, for instance, the
motions of geophysical flows are usually modeled by nonlinear dynamics. Then, the
ensemble Kalman filter (EnKF) is proposed as a nonlinear extension of the KF [34],
which approximates the mean and covariance by a set of states known as an ensem-
ble. The EnKF is a hybrid approach between the Monte Carlo method and the least



squares method, and it represents the uncertainty in the state estimation using a small
number of ensemble members. The EnKF is effectively applied to a wide range of
data assimilation problems for high-dimensional and nonlinear systems in geophysics
[20, 34, 50].

Two major implementations of the EnKF are known. The perturbed observation
(PO) method [19, 33] is a stochastic one, and the ensemble square root filter (ESRF)
[5, 14, 86] is a deterministic one. Theoretical studies have revealed some fundamental
properties common to the PO method and the ESRF [51, 58, 70, 88, 89], such as the
boundedness of the ensemble and the convergence to the KF in a large ensemble limit
for linear systems with the Gaussian noises. However, the error analyses have only been
established for the PO method [54], not for the ESRF method. Therefore, to advance
the theoretical analysis of the EnKF, an error analysis for the ESRF is necessary.

Another issue in the mathematical analysis of data assimilation is formulating the
model dynamics. The motions of geophysical flows are often modeled by dissipative
partial differential equations (PDE) such as the Navier-Stokes equations [23, 38], which
are defined on infinite-dimensional state spaces. Moreover, the chaotic nature of the
geophysical flows is an essential research subject in weather prediction. Therefore, we
consider dissipative dynamical systems on Hilbert spaces to incorporate such chaotic
properties into the model dynamics. The typical solution has a bounded trajectory and
exhibits chaotic behavior on a compact limit set, known as a global attractor. After
formulated in the infinite-dimensional space, the model dynamics is discretized in a
finite-dimensional space as mentioned in [27].

We have introduced two issues in the mathematical analysis of the EnKF above.
According to them, this thesis aims to discuss the following three topics. Firstly, we
review analytical results for the EnKF in various formulations of the model dynamics.
Secondly, we prove the error analysis of the ESRF applied to dissipative dynamical
systems. This is the main contribution of this thesis. Finally, we indicate future
directions for mathematical analysis of the EnKF, comparing the results among various
formulations.

The thesis is constructed as follows. Section 2 introduces some notations and recalls
from the theories of functional analysis, measures, Bayesian inference, and dynamical
systems on Hilbert spaces. In Section 3, we define data assimilation problems in vari-
ous formulations, classified by stochastic/deterministic, finite/infinite-dimensional, and
discrete/continuous-time systems. Section 4 reviews the sequential data assimilation
algorithms, the KF, and the variants of the EnKF. We then examine them from the
perspective of practical implementations. Section 5 provides the analysis of dissipative
dynamical systems and some examples appearing in geophysics. In Section 6, the math-
ematical analysis of the EnKF is explained, where we review the error analysis of the
PO method and other fundamental analyses of the EnKF. Section 7 explains the main
result of this thesis. We establish the error analysis of the ESRF for the dissipative



dynamical systems. We also validate the analysis with a numerical example. Section 8

is a summary and discussion of future directions.



2. Preliminary

2.1 Notations

We use uppercase letters, e.g., U, for random variables and lowercase letters, e.g., u,
for their realizations or deterministic variables. For n € N, v € R" is assumed to be a
column vector. We use the notation u’ for its i th element, and u* denotes the transpose
of u. We use bold letters, e.g., U or u, for a set of vectors.

2.2 Functional analysis

We recall some facts on the theory of functional analysis to handle the state estima-
tion problems on Hilbert spaces. For the details and proofs in this section, see the
introductory textbook [25].

2.2.1 Basic theory

Let ‘H be a Hilbert space endowed with the inner product (-, -) and the associated
norm |- |. We use the same notations even when # is the Euclidean space. We assume
Hilbert spaces are separable. By L(H,G), we denote the space of bounded linear
operators from H to another Hilbert space G. Let Iy denote the identity operator on
H. For A € L(H) == L(H,H), |A|z represents the operator norm of A, Ran(A) denotes
the range of A, and A* is the adjoint of A. For u,v € H, we define their product
u®v € L(H) by u®v:H 3w u(v,w) € H, which is equivalent to uv* = u ® v.
We call U € L(H) unitary if U*U = UU* = Iy. Let Lsq(H) denote a set of self-adjoint
operators in L(H), i.e., A* = A for A € L4(H). We define important concepts for
Lsq(H) as follows.

Definition 2.1. Let A € Lo(H).

(a) An operator A is said to be positive semi-definite, denoted by A = 0, if (u, Au) >0
for allu e H.

(b) An operator A is said to be positive definite, denoted by A > 0, if there exists
c > 0 such that (u, Au) > c|u|? for all u € H.

Remark 2.2. Definition 2.1 (b) is different from the conventional definition of the
positive definiteness. It is often said to be bounded from below, which implies that A is

invertible.

For a positive semi-definite A € L4,(#H), a square root Az > 0 is uniquely well-
defined [25]. We thus define a weighted norm |- |4 = |[A~Y2 .| on H for A = 0. For
A,B € Ly (H), the order A > (resp. =) B means A — B > (resp. =)0. We use the
following inequality to estimate operator norms.



Lemma 2.3 ([25]). If A > B, then |A|z > |B|¢.
For a linear operator A : H — H, we denote the spectrum of A by
c(A)={AeC|(N —-A)~ ¢ LH).
and the resolvent set of A by

p(4) = C\ o(A).

If A€ Li(H) then o(A) C R. Moreover, if A > 0 then o(A) C [0,00). We also denote
the spectral radius of A by

r(A) = sup |A|
A€o (A)

In general, r(A) < |Alz, i.e., |A] < |A|z for any A € o(A). Thus, if |A| > |A|z, then
A € p(A) by taking the contrapositive. The following fact is well known.

Proposition 2.4 ([25]). If A € L(H) is normal, i.e., AA* = A*A, then we have
r(A) = |Al..

Note that if A is self-adjoint or unitary, then it is normal.
The spectrum of the product of two self-adjoint operators is estimated as follows.

Proposition 2.5 ([43]). Let A,B € Ls(H) and B = 0, then we have the following

relationships.
(1) o(AB) = o(BA) = (B2 AB?).

(2) If A = 0, 0(AB) C [m(A)m(B), M(A)M(B)] where m(A) = info(A), M(A) =
supo(A).

The following lemma is useful to estimate the operator norm of the inverse operator
of Ae L(H).

Lemma 2.6. For A€ L(H), if o9 = infye,(a) [\ > 0, then A € L(H) and

1
< = )
A7 < . (2.1)

To prove this, we prepare the following lemma.
Lemma 2.7. Let A € 0(A) for A€ L(H). Then,
[ Av] = [Af[v] (2.2)

for any v € H.



Proof. We prove it by contradiction. Suppose that there is v € ‘H such that
|Av| < |A]]v]. (2.3)

This implies |A|z < |A], hence A € p(A). This contradicts the assumption that A\ €
o(A), hence (2.3) is false. We thus have (2.2). O

Proof of Lemma 2.6. From o > 0, we have 0 € p(A), hence A~! € £(H). Recall that
A=Y, = SUP|y|=1 |A= u|. For u € H with |u| = 1, we have from Lemma 2.7 that

1= |u| = [AA™ | > ool A7 ).
Therefore,

1
]Ailu] < =,
09

which implies (2.1). O

2.2.2 Compact operators

A linear operator K : H — G is said to be compact if for any bounded sequence
(un)nen C H, the sequence (Kuy)pen C G contains a convergent subsequence. We
denote the space of compact operators by K(H,G) and K(H) = KC(H,H). The following

fact is important when considering compact operators on infinite-dimensional spaces.
Proposition 2.8. Let dim(H) = co. If K € K(H), then K~' ¢ L(H).

From this proposition, if A, A~! € L£(H), then A ¢ K(H). For instance, Iy ¢
KK(H). A self-adjoint and compact operator is unitarily diagonalizable, which yields
the spectral decomposition as follows.

Proposition 2.9 (Spectral theorem). Let K € Lyo(H)NIC(H). Then, there exist eigen-
values (An)neny C R and an orthonormal basis (¢p)neny C H consisting of associated
etgenvectors such that

K = Z/\nQSn ®¢n-

neN

Corollary 2.10. Let K € K(H). Then, K*K = 0 and K*K € L (H) N K(H).
Therefore, there exist (Sp)nen C [0,00) and an orthonormal basis (¢pp)neny C H such
that

K*K =" s ¢n® én.

neN

Here, (sp)nen are called singular values of K.

10



As an important subclass of compact operators, we introduce trace class operators.

Definition 2.11. For T € KC(H), it is said to be trace class if

Tr|T| = su(T) < o0, (2.4)
neN

where (sp(T))nen are the singular values of T. We denote the set of trace class operators
by K1(H). Additionally, if T = 0, we define the trace of T by

TrT :=Tr|T|.

This definition of the trace of an operator is consistent with that of a matrix. Then,
we have the following lemma.

Lemma 2.12 ([25]). For A€ L(H) and B € K1(H), we have
Tr |AB| < |A|; Tr |B|.
Another important sub class of compact operators is the Hilbert-Schmidt class [25].

Definition 2.13. An operator A € L(H) is called a Hilbert-Schmidt operator if |A|gs <

oo, where

o=

Alns = (Z m«mr)

i€N

with an orthonormal basis (¢;)ien of H.

2.2.3 Perturbation theory of eigenvalue problems

In this thesis, we use the perturbation theory of eigenvalue problems of matrices.

Proposition 2.14 ([52, 77]). Suppose the matriz-valued function S(t) € RN*N s
self-adjoint and continuously differentiable in an interval I of t. Then, there exist the
eigenvalues Ay (t), n=1,...,N of S(t) that are continuously differentiable on I.

The following lemma is used in the analysis of a filtering algorithm in Section 7.

Lemma 2.15 ([30, 32]). Suppose the same condition as Proposition 2.1/, there exists

a unitary matriz valued function U(t) on I such that

%An(t) = [U(t)* (CZS(t)) u (tﬂ

Note that U(t) is not differentiable in general [32].

nn
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2.3 Calculations for linear operators

2.3.1 Ensemble of vectors

For m € N, a set of state vectors v®) € H for k =1,...,m is called an ensemble, and
m is called the ensemble size. We use the notation V' = [v(k)]?zl € H™ to denote the
ensemble. If H = R! for | € N, V is equivalent to a matrix in R™*™. For ensembles
U =[u®]™  and V = [v®)7 | € H™, the fo-norm |U|s is defined by

2

1 m
U2 = (mDu(k)F) : (2.5)
k=1

and the products UV* € L(U) and U*V € R™*™ are given as

C N () oK) sv — [[@ @H\]"
v o,y ()

ij=1

When we write an ensemble consisting of the same vector u € ‘H as ul = [u,...,u] €
H™ with 1 = (1,...,1) € (R™)*, it holds that |ul|? = |u|?>. Moreover, for z € R™,
T e R™™ and A € L(H), we define

Ux = Zxku(k) eH,
k=1

u+U=ul+U = [u+uP), e H™,

UrT = > u71, eH™,
=1 k=1
AU = [4P]" e um,
k=1
For an ensemble V = [p®)]m € ™, v = L5 k) i5 called the ensemble mean

and dV = [v(F) — o], € H™ is called the ensemble perturbation. The ensemble V is
then decomposed into the mean and the perturbation, V' =91 + dV. The (unbiased)
ensemble covariance Covy, (V') € Lq(H) is defined by

1

It is easy to see Cov,, (V') = Covy(dV) and Cov,, (V) = 0.
The following lemma shows a fundamental property of the ensemble perturbation.

Lemma 2.16. For any ensemble perturbation dV of V' € H™, we have

dV1* =0€eH. (2.6)

12



Proof. The equality (2.6) is obtained from the definition of the ensemble mean.

m m

1 — 1
dvi g (v 7)1 m(m kglv mE v> m(v —v) = 0.

k=1 k=1
]

We also have the following lemma providing equivalent representations of the ¢5-

norm (2.5) of an ensemble V' € H™.

Lemma 2.17. The fo-norm for V.€ H™ satisfies

1 1
V= —TrV'V=_—_TrVV* =[5+ |dV]3. (2.7)
m m
Proof. The first equality is derived from the definition of |V|s.
m k=1 m k=1 ’ m

Let (¢i)ien be a complete orthonormal basis of H, we have

1 1™ 2 1 m 2
Vi= SO =305 (v9.00) = 33 (v.01)

k=1 ieN ieN k=1
Ly ) g k) ! .
:—ZZ<¢Z,(U X v )¢Z>:fTI‘VV
m “ m
1€N k=1
Owing to the relation dV'1* = 0 in Lemma 2.16, we have VV* = 711*7* 4+ dVdV* =
mvv* + dVdV*. Hence, we obtain = Tr VV* = [5]* + [dV [3. O

2.3.2 Inverse of operators

We use the following technical lemmas to calculate the inverse of an operator. See
[44, 75] for other identities.

Lemma 2.18 (Woodbury identity [39, 80]). Let Hi,H2 be Hilbert spaces and A : Hi —
Hi,B:Hi — Ho,C : Ho — Ha, and D : Ho — H1 be linear operators. If A, C, and
A+ BCD are invertible, then

(A+ BCD) ' =A' - A"'B(C'+ DA™'B)"'DA™ L. (2.8)

Here, we denote the identity operator by I = Iy. Then, we show the following

lemmas.
Lemma 2.19. Let A € L(H). If I + A is invertible, then we have
(IT+A) " t=I—(I+AA (2.9)
Moreover, if A € Lso(H) and A = 0, then
0<AA+D) ' =(A+DTA<I, 0<x(A+D) =<1 (2.10)

13



Proof. The equality (2.9) is easily confirmed by
LHS=(T+A) Y I4+A-A)=1—-T+A'A

For (2.10), the equality (2.9) yields A(A+I)~! = (A + I)"1A. The inequalities follow
from the spectral mapping theorem [25]. O

Lemma 2.20. Let I : H — H be invertible and V € H™. Then, the operator VV* +T°

1s invertible, and

I+ VT V)"V = v (VY4 T) L (2.11)
Furthermore,

(I+V T V) t=1-v* vV +1)'V. (2.12)

Proof. The operator VV* 4 I' is invertible owing to VV* > 0 and I' >= 0. Then, we

have
VTN VV*+T) =V T WV + V= (I + V' T 'V)V7,
which is equivalent to (2.11). For (2.12), using (2.11), we get
(I+Vv T vy lvrlv = vr(vvr 4+ 1)7 v
Therefore,

-V VV*+T) W=I-I+VT'V)"'VT WV =1+ VT V)
where the last equality follows from (2.9). O
Lemma 2.21. Let A € L(H) be invertible. If U € L(H) be unitary, then

UA™'U* = (UAU*) ™,
and for diagonal X2 = 0, we have
YATIY = (u7tAaxn L

Proof. Owing to U™! = U* and ¥ is invertible, both of the equalities follow from the
fact that (AB)~! = B~'A~! for invertible A, B € L(H). O

14



2.4 Probability theory

We need probability theory to quantify uncertainties emerged in the state estimation
problems. Let (€2,.%#,P) be a probability space consisting of a sample space 2, a o-
algebra .#, and a probability measure P. By E[ -], we express the expectation with
respect to this probability space. For a family of subsets E C 2, we denote the smallest
o-algebra containing E by o(E). Let (H,B(#)) be a measurable space for a Hilbert
space H and its Borel o-algebra B(H) = o({O C H | O : open}), and M;(H) denote
the set of probability measures on this space. For a Banach space X', a measurable
function f : H — X and u € My(H), we denote E,,[f] = [}, f(u) du(u) in the meaning
of the Pettis integral [3, 80]. For u € M (#), the mean of 4 is defined by

w, =E,fzr] = /Ha:d,u(a:) ceH,

and the covariance of y is defined by
C,= / (x —wy,) ® (x —w,) du(r) € Lea(H).
H

A random variable U is a measurable map U : (Q,.%#,P) — (H,B(#H)). It induces the
push-forward measure PV = U,P € M;(H) called the image measure of U and the
o-algebra associated with U defined by o(U) = c({UY(E) | E € B(#)}). Similarly,
the mean and the covariance of U are given by

oy = E[U] = /HudIP’U(u) _ /QU(w) dP(w), Cy = E[U - mu) @ (U — @)].

In addition, for a sub-o-algebra &4 C %, the conditional expectation of U with respect
to ¢ is denoted by E[U |¥].

Let a time index set 7 = NU{0} or [0, 00) C R and a stochastic process U : T xQ —
H. A family of sub-o-algebras (:%;)ie7 is called a filtration if s <t = %3 C %#;. The
filtration associated with the stochastic process U is defined by .#Y = o({U;H(E) C
Q|ECB(H),s<tseT}) forteT. The expectation conditioned on Uy = u € H
is denoted by E“[f(U:)] = E[f(U¢)|Uy = u] for t € T and an integrable function
fH—=R

Let p,v be measures on a measurable space (X,.%#). If v(E) = 0 for any F € .%
with p(F) = 0, then v is said to be absolutely continuous with respect to p, denoted by
v < p. A measure space (X,.%, ) is called o-finite if X can be written by a countable
union of elements of .% with each of p-finite measure.

Proposition 2.22 (Radon-Nikodym’s theorem [80]). Suppose that p and v are o-
finite measures on a measurable space (X,.F) and that v < p. Then, there exists a
measurable function p : X — [0,00] such that, for all measurable function f : X — R

15



and all E €¢ F

/E fdv = /E fodu,

whenever either integral exists. Furthermore, any two functions p with this property

are equal p-almost everywhere.

The measurable function p in Proposition 2.22 is called the Radon-Nikodym deriva-
tive, often denoted by p = Z—Z. The Radon-Nikocym derivative plays an important role
in the Bayesian inference, which is explained later.

Let us consider a finite dimensional case. For I € N, if 4 € My (R!) is absolutely
continuous with respect to the Lebesgue measure on R!, the Radon-Nikodym derivative
is called the probability density function (PDF), and we denote it by p,. Similarly, for
a random variable U, the PDF of PV is denoted by pyy. The Gaussian measure on R!
is defined by its PDF.

Definition 2.23 (Gaussian measure on R!). Let @ € R! and C € L4(RY) with C = 0.
The Gaussian measure with mean w and covariance C is defined by its PDF as

—;ex —lx—w2
P = e (- (2.13)

and it is denoted by N (w,C) € M1 (RY).

We can introduce the following metrics between probability measures on (H, B(H)),

see [37] for other metrics and relationships among them.
Definition 2.24 ([80]). Let p,v € My(H). The total variation distance is defined by
dry (u,v) = sup{|u(A) —v(A)[ | A€ B(H)}.

The Hellinger distance is given by

d,u, du

du(p,

independent to a reference measure p € Mi(H).

The following inequalities are useful in estimating the differences between measures

or moments.

Proposition 2.25 ([37, 80]). For p,v € My(H),

g (p,v)* < dpv(p,v) < 2dg(p,v).

16



Proposition 2.26 ([80]). Let u,v € Mi(H), X be a Banach space with a norm || - ||,
and f: H — X be a measurable function. Suppose that E,[|| f||?] and E,[||f||*] < oo.
Then, we have

IEu[f] = B[Sl < 2\/E,uH|f||2] +Ey [ f11P1dz (4, v)-

We finally review important facts about measures on infinite-dimensional Hilbert
spaces. For more details, see Chapter 2 of [80] and references therein.

Proposition 2.27 (Lebesgue measures on Hilbert spaces [80]). Suppose that a measure
w on an infinite-dimensional Hilbert space H is invariant under all translations, and is
locally finite, i.e., for any uw € H, there exists a measurable O, such that u € O, and

1w(Oy) < 00. Then, u is the zero measure.

From this proposition, we cannot define the Lebesgue measure on ‘H. However, the
Gaussian measure on H is well-defined.

Definition 2.28 (Gaussian measure on H). A measure p on (H,B(H)) is said to be
a Gaussian measure if the push-forward measure lip is a (non-degenerate) Gaussian

measure on R for any continuous linear functional £ : H — R.

Proposition 2.29 (Sazanov’s theorem [80]). Let v be a Gaussian measure on H with

mean zero. Then, its covariance C,, € K1(H) and

TrCu:/H]a:\Qd,u(x).

Conversely, if C € Lsq N K1(H) with (Cz,z) > 0 for any v € H, then there exists a
Gaussian measure j on H with covariance C, = C.

Proposition 2.29 implies that the covariance of a Gaussian measure should be trace
class. We denote u = N (0,C) in Proposition 2.29. Moreover, for the shifted Gaussian
random variable X, = @ + Xo with @ € H and Xy ~ N(0,C), we denote PX= =
N(w,C). We also use the same notation for a degenerate Gaussian measure for the

covariance C' * 0.

2.5 Bayesian inference

Bayesian inference provides a mathematical framework, to estimate a state w from
a noisy observation y and to quantify its uncertainty based on Bayes’ theorem. See
[26, 79] for more details about the concepts and formulations in infinite-dimensional

spaces.
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2.5.1 Bayes’ theorem

We first introduce Bayes’ theorem in the Euclidean spaces H = R and Y = R,
We assume that we know the conditional PDF py(y|u). For instance, if the noisy
observation y is generated by y ~ N (u, R) for R € Ls,(RYv) with R = 0, we have the
PDF py(y|u) as (2.13).

Proposition 2.30 (Bayes’ theorem [63, 76]). For an observation y € RNv, the condi-
tional PDF of U is given by Bayes’ formula,

py (y | wpu(u)

Py (y) (2.14)

pU|Y(U ly) =

where py(u) is the PDF of U and py (y) = [pn, Py (y | uw)py (u) du.

In the context of Bayesian inference, pyy(u) and pyjy-(u | y) are called by the prior and
posterior distributions (densities), respectively. The prior distribution py(u) represents
the uncertainty in the initial estimate of the state u. For given observation y, the prior
distribution py(u) is updated into the posterior distribution py(w|y) by multiplying
the likelihood py (y |u) as in Proposition 2.30.

pu(u) = pupy (uly) o< py (y | w)pu (u).

The posterior distribution pU|y(y | u) reflects the uncertainty in the estimate of u after
incorporating the information from observation y into the prior knowledge. Figure 1
illustrates Bayes’ formula for one-dimensional state and observation space.

Posterior

Likelihood ;

Figure 1: Bayes’ formula.

The following lemma provides the explicit formula for the Gaussian posterior dis-

tribution.

Lemma 2.31 (Gaussian conditioning [80]). Let (U,Y) ~ N (w,C) be a joint Gaussian
distribution on RN«*Nv with the mean

w1
w = [ € RNutNy

w2
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and the covariance

Cn Cr2
Cly Ca

C =

in block form. The conditional distribution of U provided Y = y is the Gaussian

distribution given by
IPU( . ‘ Y = y) ~ /\/(w1 + 01202_21(y — WQ), Ci1 — 01202—210{2).

The Gaussian conditioning is essential in developing the approximated Gaussian
algorithms in data assimilation.

Since the Lebesgue measure does not exist on infinite-dimensional Hilbert spaces
according to Proposition 2.27, we cannot consider density functions with respect to it.
We thus generalize (2.14) in terms of the Radon-Nikodym derivative of the posterior
distribution with respect to the prior distribution. If dim()) < oo, we can define the
posterior distribution as follows.

Proposition 2.32 (Generalized Bayes’ formula [26, 29, 80]). Let Y = RN h:H — Y
be continuous, and p € My(Y) with its PDF p, be the distribution of observation
noises, then the posterior distribution p¥(du) = P(du|y) is absolutely continuous with
respect to the prior distribution ug € Mi(H) and its Radon-Nikodym derivative is given
by
dp¥
dpo

where ®(u;y) = —log(pu(y — h(uw))).

(u) o< exp (= @(u;y)) , (2.15)

2.5.2 Well-posedness of the posterior distribution

The Bayesian inverse problem provides a continuous posterior distribution with respect
to the observation data. This is known as the well-posedness of the posterior distribu-
tion. Let H and ) be two Hilbert spaces with norms | - |y and | - |y respectively. Here,
we define the posterior by a potential function and impose assumptions on it.

Assumption 2.33. Let ®(-; - ): H xY = R.

(1) For any e,r > 0, there exists M = M(e,r) € R such that

O(u;y) > M — e|u\%{, u€H,lyly <.

(2) For any r > 0, there exists K = K(r) > 0 such that

P(u;y) < K, lula, lyly <.
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(3) For any r > 0, there exists L = L(r) > 0 such that
[@(u1;y) — P(uz; y)| < Llur —ualp,  Jualw, [uzlys lyly <.
(4) For any e,r > 0, there exists C = C(e, ) > 0 such that
(s 1) — ®(usy2)| < expleluly + Oyt —woly,  lul, lyily. y2ly <

Example 2.34. For )Y = RM, H € L(H,Y), and R € R¥>Nv with R = 0, we

consider a potential function
®(u;y) = |y — Huly.

Then, ®(u;y) satisfies Assumption 2.33. This example is introduced from a Gaussian
likelihood. See Chapter 6 of [80] for more general examples.

Proposition 2.35 (Well-posedness of the Bayesian inverse problem [26, 80]). Suppose
that ® satisfies Assumption 2.33 and po is o Gaussian distribution on H. Then, for
any y € Y, the posterior distribution,

dup¥

= 2(0) exp(=0(wsw). Z) = [ exp(=0(usy) dpo(w).

is well-defined. Furthermore, for any r > 0, there exists C = C(r) > 0 such that

dp(pt, p??) < O(r)ly1 — yaly, [Yy1ly; [yely <.

We note that the condition (1) and (2) in Assumption 2.33 implies the finiteness and
positivity of the normalizing constant Z(y) in Proposition 2.35, respectively. Propo-
sition 2.35 implies the local Lipschitz continuity of the posterior distribution with re-
spect to the observation data. In other words, the Bayesian inverse problem provides a
robust estimation of the state from uncertain data. From Proposition 2.26 and Propo-

sition 2.35, we have the following corollary.

Corollary 2.36. Let X be a Banach space with a norm ||-||x and f : H — X. Suppose
that B, [|| f1I3] < oo, then for any r > 0, there exists C = C(r) such that

1By [f] = Epa [flll e < Clyn = 2ly,  Dnlys lg2ly <7

By taking X = H, || - ||lx = ||, and f(u) = u in Corollary 2.36, the mean of the
posterior distribution is continuous with respect to y. On the other hand, the mode of

the posterior distribution is not continuous with respect to y in general [63].
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2.6 Dynamical systems

We use the theory of dynamical systems to describe mathematical models in data
assimilation. In particular, it is essential to consider partial differential equations (PDE)
as infinite-dimensional dynamical systems [59, 85]. See also the comprehensive textbook
of the theory for finite-dimensional dynamical systems [53]. Let H be a Hilbert space.
A dynamical system is defined by a semigroup on H.

Definition 2.37 (Semigroup). A semigroup on H is a continuous family {¥; | t > 0}
of mappings from H to itself satisfying

(1) Wo = idy;
(2) Wips =V 0W, forallt,s > 0;
(3) Wi(up) is continuous with respect to t and ug.

A semigroup is often generated by an ordinal differential equation (ODE) or a PDE.
For example, let u(t,z) be the solution to a PDE with an initial condition u(0,x) =
uo(x) for ug € H. If u(t, -) € H, we can define ¥; : H — H by

Wi(uo)(-) = ult, -).

Hence, in principle, we assume the well-posedness (i.e., the existence and the uniqueness
of the solution and its continuous dependence on the initial condition) of the model
equation so that the solution generates a semigroup. For ODEs, there is a sufficient

condition for the existence of a semigroup.

Proposition 2.38 (Picard-Lindeldf [59]). Let F : RN« — RN« be a locally Lipschitz,
i.e., for any r > 0, there exists L = L(r) > 0 such that

[ F(u) = F(v)| < Llu = vl

for all |u|,|v| < r. Then, there exists a unique solution to the ODE

du_
dt
on a time interval [0,T) with T = T'(ug) > 0.

F(u), u(0)=wug € RN“,

The following concepts are fundamental for characterizing the long-term behavior

of dynamical systems.
Definition 2.39. Let ¥; be a dynamical system on H.

(1) For X C H, we call X is invariant if V¢(X) = X for all t > 0.
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(2) For X,B C H, we call X attracts B if
dist(U4(B), X) - 0 (t = o0),

where dist(A, B) = sup,c4 infpep |a — b|. Moreover, we call X is attracting if it
attracts all bounded subset B C H.

(8) For o/ C H, we call & a global attractor if it is compact, invariant, and attracting.

A global attractor satisfies the following properties.

Proposition 2.40 ([59]). Let ¥y be a dynamical system on H.
(1) A global attractor <7 of W, is unique.

(2) The global attractor < is the mazximal compact invariant set and the minimal

attracting set.

(8) There exists a global attractor < if and only if there exists a compact attracting
set.

Instead of the existence of an attracting set, we can show stronger results in many
applications.

Definition 2.41 (Absorbing set). For X C H, we call X is absorbing if for any
bounded subset B C H, there exists T = T(B) > 0 such that

\I/t(B) cX
forallt>T.

Remark 2.42. From Proposition 2./0, the existence of a compact absorbing set implies
the existence of a global attractor.

The following inequality, known as the kinetic energy principle, is useful to show
the existence of an absorbing set, i.e., there exists A\, K > 0 such that

%|\Ift(u0)|2 < —Auo|* + K (2.16)
for t > 0 and ug € H. As a result of the Gronwall lemma, this implies
(o) ? < e Mol + 5 (1 — ) (2.17)
This is an essential property of dissipative dynamical systems. In general, (2.16) is
considered to be the existence of a Lyapunov function £(-) = | - |? satisfying
%5@) < AE(w) + K (2.18)
for A, K > 0.

We can also consider these concepts in discrete-time dynamical systems [88]. In
Section 5, we discuss the existence of the global attractor and other properties for
dissipative dynamical systems with important examples appearing in geophysics.
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3. State space model and data assimila-

tion problems

3.1 Finite dimensional problems

3.1.1 State space model

Let us consider the finite-dimensional state space H = RN« and the observation space
Y =RM for N, > N,. We suppose that the time evolution of the true state is modeled
by a discrete-time stochastic process U : N x  — RN« satisfying

Up = U(Up_1) +én (3.1)

with an uncertain initial state Uy € R+, where ¥ : RN« — RN is a continuous map.
The sequence (£,)pen € RN is an i.i.d. stochastic error, which represents modelling
and approximation errors. Its mean is zero, and the covariance matrix is represented
by a matrix Q € RV«XNu with @ > 0. The information from the unknown true state

is obtained by noisy observations Y : N x  — RNy,
Y, =h(U,) + 1, neN, (3.2)

where h : RN« — R™ is a continuous observation function and (1,)neny C R is an
i.i.d. noise sequence with a probability density function (PDF) py. The following as-
sumption is imposed on the observation noise to formulate data assimilation algorithms

in Section 4.
Assumption 3.1. For any n € N, n, ~ N(0, R) with R € RNv*Nv R -~ 0.

Moreover, the full observation is considered when analyzing data assimilation algo-
rithms in an ideal setting.

Assumption 3.2 (Full observation). The state is fully observed, i.e., h = idy and
R = 1213 for r > 0. If the observation function is a linear operator H € L(H,D), i.e.,
h(u) = Hu, we suppose that H = I.

We also define a finite-dimensional state space model with continuous time, which
is convenient for mathematical analysis. In addition, we can consider the following
stochastic differential equation (SDE) for a stochastic process U : [0,00) x § — RNu,

AU, = F(Uy)dt + QzdW, (3.3)

where F : RV — RN« ig continuous, W = (Wi)¢>0 is the N,-dimensional Wiener
process, and Q € RM«*Nu with @ = 0. For SDESs, see the basic textbook [73], in which
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we find the existence and the uniqueness theorem of the solution. In a similar manner,
we adopt a continuous-time stochastic observation,

dY; = h(U})dt + R2dB;, (3.4)

where h : RNe — RN is continuous, and (B;);> is the N,-dimensional Wiener process
independent of W, and R € RVv*Nv with R > 0. We consider the following assumption
corresponding to Assumption 3.1.

Assumption 3.3. The covariance of observation noises is positive definite R > 0.

3.1.2 Bayesian data assimilation problems

Let 7 = NU{0} or [0,00) C R be a time index set. Stochastic processes U : T xQ — H
and Y : T x Q — ) denote a true state and an observation, respectively. We write the
observation up to time ¢t as ¥; = {Y; | 0 < s < t}. We first formulate a state (signal)
estimation problem, minimizing the L?-error from the true state using the observations.

Definition 3.4. Fort € T, a random variable V; : Q — H is called an estimator based

on the observations Yy if Vi is .F) -measurable. Furthermore, it is said to be optimal if
E[|U; — Vi"] = imf{E[|U; = VP | V € [},

where Ky = {V : Q — H | V € L*(Q,P) is an estimator based on Y;}. Here, L*(Q,P)
is the space of square integrable functions with respect to P on 2. The state estimation
problem is to construct or approximate the optimal estimator V; based on the observa-
tions Y;.

The following proposition implies that the optimal estimator is obtained by the
conditional expectation.

Proposition 3.5 (Optimal estimation [73]). An optimal estimator Vi of the state es-
timation problem is given by V; = E[U; | #Y].

We then consider a Bayesian formulation of the state estimation problem, in which
the estimation is represented by the conditional distribution. Here, we consider the
discrete-time system. Let yy = {y, | 0 < n < N} denote the realizations of observa-
tions in a discrete-time interval 0 < n < N for N € N.

Definition 3.6 (Data assimilation problem). Let U be the unknown true state and yn
be the given observations up to N € N. Forn € N, we consider a problem constructing a
random variable V,, such that its probability distribution corresponds to the conditional
probability distribution of U, with respect to yy, PV» = PUn(- | yy). It is called a data
assimilation problem. Data assimilation problems are classified into the following three
types depending on n and N.
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e Prediction if n > N;
o Filtering if n = N;
e Smoothing if n < N.

Since the prediction distribution PU»( - | yx) (n > N) is obtained as the push-
forward of the filtering distribution by the model dynamics, it is sufficient to deal with
the filtering and smoothing problems. In Definition 3.6, the distributions are obtained
as the posterior distributions using Bayes’ formula in Proposition 2.30.

In many real-world applications, observations are often obtained at every discrete
time step. In the discrete-time filtering problem, a successive update of the distribution
P is useful. We assume that the model noise &, has a probability density function
pe. If the model is deterministic, i.e., the covariance of the noise sequence (&, )nen in
(3.1) is O, Dirac’s delta function is used instead of p.

Definition 3.7 (Sequential data assimilation for a finite-dimensional state space).
Suppose U and Y are governed by (3.1) and (3.2) respectively. Let a PDF py, represent
the initial uncertainty of Uy. The following successive update yields the exact filtering

distribution py, = pu, (- | yn) for n € N, starting with py, = pu,-

(I) (Prediction: py,_, — pp ) Propagate py,_, to py using the model dynamics.
pe,(0) = [ peo =¥ pvi () ' (35)

(1I) (Analysis: py ,yn — pv,) Update py; to py, using Bayes’ formula:

_ py (Yn | v)py; (V)
S Py (yn | V)py (V) dv'’

pv,, (V)

where py (y | w) is the conditional PDF of Y with respect to u € RNv,

The step (I) is known as the prediction (or forecast) step and P (dv) = py (v) dv
is called the prediction (or forecast) distribution. Similarly, the step (II) is known as
the analysis (or update) step, and P"(dv) = py, (v) dv is referred to as the analysis (or
filtering) distribution. In [63], the two steps (I) and (II) of Definition 3.7 are represented
by operator forms on My (RV«).

PV — ppVe-i, PV =, P™,

where P : My (RN) — My (RN¢) and Ly, : My (RN) — M, (RN+) are a Markov tran-
sition operator associated with (3.1) and represent Bayes’ update using the observation
Yn, respectively.
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We need to construct numerical algorithms to approximate the exact filtering distri-
bution PV» (dv), which is discussed in Section 4. The several layers to estimate the true
state in the filtering problem are shown in Figure 2. The layer (a) represents the hid-
den true states generated by the model dynamics. The noisy observations are obtained
in the layer (b) from the true states. The conditional distribution of the true state
PUn-1(. | y,_1) is propagated into PV (- | y,_1) by the model dynamics and it becomes
PUn (. |y,) after conditioned by the observation data as in the layer (c). The layer (d)
describes the exact filtering distributions PV and PV defined by the sequential data
assimilation process in Definition 3.7. These replicate the conditional distributions in
the layer (c). The layer (e) explains a filtering algorithm approximating the sequential
data assimilation process. The approximated operations are denoted by P and Eyn.

Posterior Prior Posterior

(a) Uy —— P U, W U,

py (- |Un)\

Yn
(b) J
U P U Ly. U
(© Poi(c|ypr) —— P (- yp1) ————— P(- |yn)
\ \
copy copy
N2 D - Ly, N2
(d) PVn-1 _ PVn - PV
approximate approximate
(e) PVn-1 E— [p>‘7n - g

Figure 2: Several layers in the filtering problems. The layers are (a) model dynamics,
(b) observation, (c) the conditional distribution, (d) the exact filtering distribution,
and (e) an approximated filtering distribution.

The filtering distribution relates to the smoothing distribution as follows. We con-
sider the PDF py (v | yn) of the smoothing distribution for the states v = (vp,...,vn) €
RNx(N+1) with respect to observations yy up to time n = N.

Proposition 3.8 ([63]). For the smoothing distribution pyv (v |yn) over the discrete
time interval 0 < n < N and the filtering distribution py, (vn |yn) at time n = N, the
marginal of the smoothing distribution with respect to vy is the filtering distribution.

/pv(’v |lyn) dvg ... dvn_1 = pyy (on | YN).
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For deterministic model dynamics, estimating the initial state using all observations
automatically yields an estimation of the final state.

Proposition 3.9 ([63]). For the deterministic model dynamics (3.1) with @ = O, the
push-forward of the smoothing distribution of vy is the filtering distribution of vy.

(TN P Jyn) =PV (- [yn),
where ¥W) denotes the N-fold composition of U.

Next, we review the robustness of Bayesian formulations of data assimilation, which
is the dependence of the posterior distributions on the observation data. As a conse-
quence of Proposition 2.35, the well-posedness of the smoothing distribution PY0(- | yx)
is established for both the deterministic ( = O) and the stochastic (@ # O) model
dynamics (3.1) [63]. From these results and Corollary 2.36, the mean of the estimate
of the initial state

wo = E[Vo | yn]

is continuous with respect to yy.

3.2 Infinite dimensional problems

3.2.1 Discrete-time state space model

Let H be an infinite-dimensional Hilbert space. We first consider a discrete-time
stochastic process U : N x Q — H satisfying

Up=9YU,-1) + &, (3.7)

with an uncertain initial state Uy € ‘H, where ¥ : H — H is continuous and (&, )ney € H
is an ii.d. and mean zero noise sequence with a covariance Q@ € Lg,(H) satisfying
Q € Ki(H) and Q = 0. The observation is a stochastic process Y : N x Q — ),
generated by

Yo, =h(U,) + 1, neN, (3.8)

where h : H — ) is continuous and (7, )neny C Y is an i.i.d. noise sequence.

When the observation space is finite dimensional, i.e., ) = R, we can define the
posterior distribution P¥» in terms of its Radon-Nikodym derivative using the gener-
alized Bayes’ formula (Proposition 2.32 and Proposition 2.35) when we consider the
Gaussian likelihood as in Assumption 3.1. Hence, we consider Bayesian data assimila-
tion problems as in Definition 3.6.
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Definition 3.10 (Sequential data assimilation for an infinite-dimensional state space).
Suppose U and Y are governed by (3.7) and (3.8) respectively. Suppose that Y = RNv
and the observation moise satisfies Assumption 3.1. The following successive update
yields the exact filtering distribution PV = PUn( . | y,) for n € N, starting with
PYo = plo.

(I) (Prediction: PVn—1 — IP"A/") Propagate PV»—1 to PVn using the model dynamics,
PV (dv) = / K (vn_1,dv)PY"=1 (dv,_1), (3.9)
H

where K : H x B(H) — [0,1] is a transition kernel associated with (3.7).

(II) (Analysis: Pv”,yn — PV ) For ®(u;y) = Lly—h(u)|%, define PV € My(H) using

the generalized Bayes’ formula,

dPVr
dPVn

(v) o exp(=®(v; y)), (3.10)

We have the same relationships as Propositions 3.8 and 3.9 for the infinite-dimensional
state spaces [16]. Furthermore, the well-posedness of the smoothing distribution is es-
tablished in [26].

It is not straightforward to consider a state space model with observations in infi-
nite dimensions. For the case of an infinite-dimensional observation space ) [58], the
positive definiteness of the noise covariance R > 0 implies Tr R = oo from Proposi-
tion 2.8. Hence, R cannot be the covariance of any Gaussian distribution on ) from
Proposition 2.29. As a result, Assumption 3.1 is not valid in this context. On the other
hand, if Tr R < oo, then R is not invertible. Thus, the notation |- |gr = \R_% - | is only
defined on the Cameron-Martin space Ran(R%). In this case, the normalizing constant
of the posterior distribution P becomes zero. Therefore, the sequential Bayesian data
assimilation can not be considered. See [51] for detailed formulations of data assim-
ilation problems when both # and ) are infinite-dimensional. Instead of using the
Bayesian formulation, we can consider state (signal) estimation problems as defined in
Definition 3.4. Hence, we introduce an alternative assumption to Assumption 3.1 used
to define data assimilation algorithms in Section 4.

Assumption 3.11. For anyn € N, 5, ~ N (0,R) with R € K1(Y), R= 0, and R < R
for R = 0.
3.2.2 Continuous-time state space model

For the continuous-time formulations, we do not consider the stochastic case to avoid
dealing with continuous-time stochastic processes in infinite-dimensional spaces such as
stochastic partial differential equations. Instead, we consider the infinite-dimensional
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dynamical system. To handle this, we first introduce an evolution equation in a Hilbert
space H,

du
= =F(w). (3.11)

We then consider noiseless observations in a lower dimensional space ) with dim()) <

dim(H).

y(t) = h(u(t)), (3.12)

where h : H — ) is an observation operator. Data assimilation problems in noiseless
situations arise from the feedback control of partial differential equations [11]. From
the perspective of control theory, it is important to determine whether and how many
finite-dimensional control inputs into the simulated state are needed to reconstruct
the true state. Such problems have been studied for dissipative dynamical systems,
in particular, for the incompressible two-dimensional Navier-Stokes equations [10] and
the incompressible three-dimensional Navier-Stokes-alpha equations [2]. This problem
is further discussed in Section 5.

We finally remark the relationships between the discrete and continuous-time, finite
and infinite-dimensional, deterministic and stochastic settings.

Remark 3.12. If Q # O, (3.1) is often used as a discretization of the continuous-time
dynamics. The model error &, is interpreted as the cumulative discretization errors
over time interval [t,—1,ty] and in spatial domain [20]. For theoretical simplicity, &, is

often assumed to be the Gaussian noise.

Remark 3.13. In many applications, the unknown true state is modeled as a continuous-
time process. However, the noisy observations are often obtained at discrete time steps
with a time interval T > 0. With Figure 3, we explain the relationships between (3.3)
and (3.1), and between (3.11) and (3.7). For the deterministic case (3.11) (resp. (3.3))
with QQ = O, we suppose that a unique solution exists for any ug € H and that it gen-
erates a one-parameter semigroup V; : H — H fort > 0. Then, let ¥ = ¥, and
Uy, = Unr, we obtain (3.7) (resp. (3.1)) with Q = O, see [5/, 82] for more details. In
the case of stochastic dynamics (3.3), let (7} be the unique solution starting at Uy = u,

it suffices to put Uy(u) = E4[U,], ¥ = U, and & = Upy — U (Un(T,1)>. See also [88].
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continuous-time discrete-time

approximate

ODE semigrou DDS in time MC
(3.3) with @ = O Remark 3.13 (3.1) with @ = O Remark 3.12 (3.1)

FDE  semigow | DDS
(3.11) Remark 3.13 (3.7) with Q = O
Remark 3.12
approximate

SDE transition kernel MC in time MC
(3.3) Remark 3.13 (3.1) Remark 3.12 (3.1)

Figure 3: The relationships between various formulations of model dynamics. The
abbreviations are as follows: ODE (Ordinary Differential Equation), DDS (Discrete
Dynamical System), MC (Markov Chain), PDE (Partial Differential Equation), and
SDE (Stochastic Differential Equation).
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4. Filtering algorithms

4.1 The Kalman filter

For Ny, N, € N, let F' € RNuXNu and H € RMv*Nu| We then consider a discrete-time,

finite-dimensional linear Gaussian system,
Un:FUn—1+§n7 Yn:HUn+nn7 (41)

where &, ~ N (0, Q) is Gaussian noise with covariance matrix @ = 0 and the Gaussian
observation noise 7, satisfies Assumption 3.1. The linear-Gaussian system (4.1) is a
special case of (3.1). We also assume that the initial uncertainty follows a Gaussian
distribution Uy ~ N (wq, Py), where wg € RN« and Py € RN«*Nu with Py = 0. The
Kalman filter (KF), originally proposed by Kalman [49], provides an exact and explicit
representation of the filtering distribution (Definition 3.7) for the system (4.1).

Definition 4.1 (KF). Suppose that the Gaussian distribution Vy,—1 ~ N (@p—1, Pp—1)-
Then, the algorithm of the Kalman filter (KF) is as follows.

(1) (Prediction: wy—_1, Php—1 — @p, ﬁn) Compute the time evolution of the mean and

the covariance:

& = Fron_1, (4.2)

P, =FP, 1F*+Q. (4.3)

(II) (Analysis: z%n,ﬁn,yn — wp, Py) Using Lemma 2.31, we can compute the mean

and the covariance of the posterior distribution:

Wy, = W + Kn(yn - Hﬁn% (4‘4)
P,=(I - K,H)P,,

where K,, is the Kalman gain

K, = P,H*(HP,H* + R)~.. (4.6)

The filtering distribution is represented by Vi, ~ N (w@n, Py).
We introduce a concept to explain properties of the KF.

Definition 4.2 (Linear estimation). For t € T, a random variable V,, : Q — RN s
said to be a linear estimator if B|Uy, — Vy|2] = inf{|V,, — Upn|? | V,, € span(Y;,)}.

Proposition 4.3 (KF [4, 24, 73]). For a linear-Gaussian system (4.1), the followings
hold.
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(1) The exact filtering distribution PUn( - |Y,,) becomes a Gaussian distribution.
(2) A linear estimator attains the optimal estimator.

(3) The successive updates of the mean and covariance of the Gaussian distribution

are given by Definition j.1.

The equation (4.4) is known as the Kalman update. The following important lemma
is a consequence of the Woodbury identity (Lemma 2.18).

Lemma 4.4. The following identity holds.
In, — K,H = (Iy, + P,H*R'H)™". (4.7)

Proof. Tt follows from (2.8) in Lemma 2.18 with A = Iy,, B = P,H*, C = H, and
D = R™! that

(In, + P,H*R'H) ™' = Iy, — P,H*(R+ HP,H") 'H = Iy, — K, H.
O

Remark 4.5. For Q,FPy ~ 0, Pn,ﬁn = 0 for all n € N follow by induction. This is
confirmed by the following calculations of the inverse of the covariance matrices. For
the (4.3), by taking A=Q, B=F, C = P,_1, and D = F* in (2.8), we have

Pl =(Q+FP F) ' =Q ' —Q 'F(P 2 + F*Q7'F)'F* Q.
For the (4.5), Lemma /.4 yields
Pl =P Iy, — K,H) ' = P, (Iy, + B,H*R™'H) = P, + H*R™'H.

These equalities allow us to compute ﬁn_ L and Pt iteratively without directly evaluating
ﬁn and P,,. The inverses of the covariance matrices are known as the precision matrices.

See also [63].

Remark 4.6. For a degenerate matriz QQ, the KF works successfully even with a de-
generated covariance P, if R >~ 0. Furthermore, Definition /.1 remains valid for an

infinite-dimensional linear-Gaussian system, in which we assume
e Linear model: F € L(H),

o Gaussian model noise: &, ~ N(0,Q) with Q € Lso(H),Q = 0,TrQ < oo,

Linear observation operator: H € L(H,)) with Y C H,
o Gaussian observation noise: n, satisfies Assumption 3.11,

e Gaussian initial uncertainty: Uy ~ N (wq, Py) with @y € H, Py € K1(H), Py = 0.
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Remark 4.7 (Limitations of the KF). While the KF is theoretically clear, it faces two
significant limitations when applied to high-dimensional and complex systems such as
atmospheric models.

(1) The KF assumes that ¥ is linear, whereas atmospheric dynamical models are
typically nonlinear.

(2) The dimension of the state space can be extremely large, reaching up to 10°.
Consequently, the covariance matriz becomes 10° x 10°, which is too large to store

in computer memory.

4.2 Extensions for nonlinear dynamics

In this section, we consider Hilbert spaces H and ), the discrete-time nonlinear dy-
namical system (3.7) and (3.8) with a linear observation h(u) = Hu for H € L(H,)).
The observation noises satisfy Assumption 3.11. We assume that the initial uncertainty
Uy ~ N (@, Py) where wy € H and Py € K1(H) with Py = 0. The extended Kalman
filter (ExKF) is an extension of the KF using linearization of ¥ to address limitation
(1) stated in Remark 4.7.

Definition 4.8 (ExKF). Assume that U is Fréchet differentiable, and let DV, € L(H)
be its derivative at w € H. For a given prior distribution V,_1 with the mean w,_1
and the covariance matriz P,_1, the algorithm of the extended Kalman filter (ExKF)
15 as follows.

(I) (Prediction: wyp—1,Pp_1 — fﬁn,ﬁn)

= U(wn1), (4.8)

P, =DV, P, DV:  +Q.

(II) (Analysis: @n,lsn,yn — wp, Pp)

Wy = @n + Kn(yn — Hwy), (4.10)

P,=(I-K,H)P, (4.11)
with the Kalman gain K, = P,H*(HP,H* + R)™L.

In Definition 4.8, the linearizations DW¥ and DWV* are called the tangent linear
and adjoint models, respectively. Usually, it is difficult to compute the derivative DW¥
numerically for high-dimensional or complex model dynamics.

The three-dimensional variational method (3DVar) is a simpler algorithm, in which
the nonlinear prediction and the Kalman update with a fixed model covariance are
repeated.
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Definition 4.9 (3DVar). For the constant model covariance P, = Py, the algorithm of
the 3DVar is as follows.

(1) (Prediction: wy—1 — @y)

B = U(wp_1). (4.12)

(II) (Analysis: @y, Yn — wn)
wy, = wn + K(yn — Hop) (4.13)
with the Kalman gain K = PPH*(HPyH* + R) L.

In the step (II) of Definition 4.9, the Kalman gain K does not depend on time
n € N, and the 3DVar is also known as optimal interpolation. While the 3DVar does
not require the computation of the derivative of W, it still faces the issue of large-storage
requirements for the full-covariance matrix as pointed out in Remark 4.7.

4.3 Ensemble Kalman filter

We consider the same state space model as in the previous section. The ensemble
Kalman filter (EnKF) [34] approximates the filtering distribution by the empirical

distribution of an ensemble V,, = [vy(ll), ey uﬁ[")] € H™ of size m € N,

1 m
PV () = EZ%@('),
k=1

where 6,( - ) denotes the Dirac measure at u. Similarly, the distribution PV in the

prediction step is approximated by
~ 1 m
Vn ~ E
P ()N% 5@7(11“)(')7
k=1

where V, = [@S’,...,ﬁ,&m)] € H™, and each ensemble member evolves according

to the nonlinear dynamical model (3.1). The model covariance is approximated by
the ensemble covariance P, = Cov,, V,, = L Z;’;l(aﬁ’“) — Up) ® (@Ski) — D) with
Up = % >y 17§Lk). Variants of the EnKF use the same prediction step to obtain the
prediction ensemble ‘/}n from V,,_1. However, each variant employs a different approach
in the analysis step to generate the analysis ensemble V,, from the prediction ensemble
Vn and observation data y,. A simple and stochastic implementation of the EnKF is
known as the perturbed observation (PO) method [19].

Definition 4.10 (PO). Let Vi = [v(()k)]’k":l € H™. The algorithm of the perturbed
observation (PO) method consists of the following two steps. For n € N,
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(I) (Prediction: Vy_y — V,,) Compute

0 =)+l A N0,Q) k=1m, (414)

and set V,, = [/}(Lk)]k 1 EH™.

(II) (Analysis: Vi, yn — Vi) Set Py = Covp (Vi) and replicate observations by adding
random perturbations,

y B =g 4% g® S N(O,R), k=1,...,m, (4.15)

and update the ensemble,
o™ =5 + K, (y® — HE®)), k=1,...,m, (4.16)
with the Kalman gain

K, = P,H*(HP,H* + R)~.. (4.17)

Fmally, set V, = [v 7(1]6)} L, € H™. We denote the map from V, toV, as 'V, =

VPO(Vna Yn, Pn)

Proposition 4.11 (Well-definedness of the PO method [51]). Suppose R > 0, the PO
method is well-defined, i.e., HﬁnH* + R is invertible.

We can implement the PO method without directly evaluating ﬁn to avoid successive

memory allocations.

Lemma 4.12. The analysis step (II) of the PO method can be replaced by the following
step without evaluating ﬁn

(II’) (Analysis: f/n,yn — V) Decompose f/n =0,1+ d‘7n. Set d}A’n = de/n. Define

yﬁlk) and vn for k=1,...,m as in the step (1) with

-1
K, = Ldv ay* (11d}7ndf’,f + R> . (4.18)
—

m—
We denote this map as V,, = VPO/(Vn, Yn)-

Proof. The equality (4.18) follows owing to

Ldv dY* = %df/ndf/;jﬂ* = P,H*

m—1 m —
and
]. * 1 - X 7% * D *
7dY dY = ﬁHananH = HP,H".
m_

m_
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As noted in [91], adding artificial noises in the analysis step of the PO method intro-
duces additional errors in approximating the analysis distribution. To avoid this issue,
deterministic versions of the EnKF, called the ensemble square root filters (ESRF),
have been proposed [5, 14, 91]. These algorithms include the computation of a matrix
square root to generate the analysis ensemble deterministically. One implementation
of the ESRF algorithm is called the ensemble transform Kalman filter (ETKF) [14].

Definition 4.13 (ETKF). Let V) = [’U(()k)]zn:l € H™. The algorithm of the ensemble
transform Kalman filter (ETKF) consists of the following two steps.

(I) (Prediction: V,_1 — ‘7”) This step is the same as the step (1) of the PO method
in Definition 4.10.

(1I) (Analysis: Vn,yn — V) Decompose Vn =01+ d‘Afn and set ]3n = Covm(d‘?n).
Update the mean

n = 0n + Kn(yn — Hop) (4.19)

<

with the Kalman gain K, = ﬁnH*(HﬁnH* + R)_l. Take a symmetric matriz
T, € R™™ satisfying
1~ N R
ﬁanTn(anTn)* =(Iy — K,H)P,, (4.20)
m —
and transform the ensemble perturbation dV,, = d‘AfnTn. The matriz T, is called a
transform matriz. Finally, set the analysis ensemble V,, = v,1+dV,. We denote
the map as Vi, = Verkr(Va; Yn, Brn).
Theorem 4.1 (Well-definedness of the ETKF [82]). Suppose R - 0. For any V, e H™,
there exists a unique symmetric transform matriz T,, € R™™ satisfying (4.20). It is

given by

=

1 R N
T, = (Im - 1dV;H*R1Han) . (4.21)
m —
To prove Theorem 4.1, we prepare the key property of the Kalman gain K,.

Lemma 4.14. Let P, = 0, H € L(H,Y), and R € L£(Y) with R = 0. The Kalman
gain satisfies

K, = (I — K,H)P,H*R™", (4.22)
and (4.19) is equivalent to

(Iyy + P,H*R™"H)v,, = on + PuH*R 'y, (4.23)
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Proof. For simplicity, we omit the time index n in the following proofs since n € N is
fixed. Owing to P>0and R + 0, we have R + HPH* = 0 and it is thus invertible.
Then, Iy + R'HPH* = R-Y(R + HPH*) is also invertible since a product of two
positive definite operators has positive spectrum as in Proposition 2.5. From (2.9) and
the fact that (AB)~! = B~1A~! for invertible A, B, we have

(R+ HPH*) ™' = (Iy+ R"'"HPH*)"'R™!
= [Iy — (Iy + R"'HPH*)"'R"'HPH*|R™"
= [Iy — (R+ HPH*)"'HPH*|R™".
Hence, we have
K = PH*(R+ HPH*)"' = PH*[Iy — (R+ HPH*) 'HPH*|R™"
= (Iy — KH)PH*R ™,
which is (4.22). On the other hand, it follows from (4.22) that
D=0+ K(y—Ho)= (I — KH)o + Ky = (Iy — KH)? + (Iy —- KH)PH*R™'y.

To show (4.23), it is sufficient to verify (Iy + PH*R™ H)(Iy — KH) = I;; with (4.6).
This follows from Lemma 4.4 O

Proof of Theorem /.1. First, we prove the existence of T, satisfying (4.20). Let dY =
HAV. Then, the operator R+ ﬁdeY* = R+ HPH" is invertible, and we consider
the symmetric matrix

1 . -1
§ = In - ——dy* (R + HPH*) dY € R™<™,
m —

Then, we have
1 > 17 * 1 X7 gv* 1 > * D rr* -1 1 {7
L AVSdVF = —dVdV* — —qVdY (R + HPH ) . _dyav
m—1 1 m—1 m—1

m —

—P—-PH*(R+ HPH*)"'HP = (I - KH)P,

in which, we use ﬁde‘A/* = HP. From (2.12), we have
1 -1
S = <Im - dY*R—ldY> (4.24)
m—1

and S > 0. We finally define the transform matrix T' = S%, which is nothing but (4.21).
Then T becomes symmetric by definition. O

Theorem 4.1 is an extension of the well-definedness of the ETKF algorithm [60] to
Hilbert spaces which can be infinite-dimensional. We also consider a practical imple-
mentation of the ETKF as Lemma 4.12.
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Lemma 4.15. The following analysis step is equivalent to the step (1I) of the ETKF.

(II’) (Analysis: Vn,yn — V,,) Decompose V,, = tnl + dV,. Define the modified trans-
form matriz

T, = 7T2dV*H*R (yn — HOx)1 + T, (4.25)

m —
and transform

V, =o,1 +dV, T,
We denote the map as V,, = VETKF/(‘A/n; Un)-

Note that this alternative step avoids redundant memory allocations in practical
numerical computation since we don’t need to evaluate the covariance P, explicitly.

Proof. By multiplying the first term of (4.25) by dV, it follows by definition of 7}, that

- 1 X7 = 5 — =

anngdvg‘H*R*(yn — Hoy,) = (Iyy — K,H)P,H* R (y,, — Hv,,)
= Kn(yn — Hg\n)y

where the last equality follows from the relation for the Kalman gain (4.22). O

Another implementation of the ESRF is called the ensemble adjustment Kalman
filter (EAKF) [5].

Definition 4.16 (EAKF). Let Vj = [v(()k)] ', € H™. The algorithm of the ensemble
adjustment Kalman filter (EAKF) is as follows.

(I) (Prediction: Vy,_1 — V,,) This step is the same the step (I) of the PO method
Definition 4.10.

(II) (Analysis: ‘A/'n,yn — V,,) Decompose ‘A/'n = 0,1 + dvn and set ]3n = Covm(‘A/n).
Update the mean

Up = O + Ky (yn — Hop) (4.26)

with the Kalman gain K, = ﬁnH*(HﬁnH* + R)™'. Take an appropriate A, €
L(H), called an adjustment operator, satisfying

7,4 AV, (AndV,)* = (Iny — KnH) P, (4.27)

m—1

and transform the ensemble perturbation as dV, = A, dV Finally, set the anal-
ysis ensemble V,, = 1,1+ dV,,. We denote the map as V,, = VEAKF(Vn,yn, Pn).

The existence of the adjustment operator A,, is guaranteed by the following theorem.
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Theorem 4.2 (Well-definedness of the EAKF). Suppose R >~ 0. For any ‘7” e H™,
there exists an adjustment operator A, € L(H) satisfying (4.27). It is given by

Ap = OSE(I, + A) " 2x 19", (4.28)
Here, k = rank ﬁn, Y = diag(s1, ..., 8k) is the diagonal matriz consisting of the square
root of non-zero eigenvalues of ﬁn with the descending order, ® = [¢1, -, ¢x] € H" is

the corresponding eigenvectors, i.e.,
P, = 022", (4.29)

Moreover, the diagonal matriz A € R**" and a matrix E € R"*" consist of the eigen-
values and eigenvectors of the symmetric matriz 2O* H* R-VH®Y € RF** respectively,

1.€.,
YO*H*RIH®Y. = EAE*. (4.30)

Proof. The proof is just an extension of that for a rank deficient case in [69, 88] to
when the state space is an infinite-dimensional Hilbert space.

1 PN 1 S
L AdV(AdV)" = BT, + A)"2X LM AVAV ORI, + A) "2 E* X
m — m —

= OXE(I, + A) 221" B, 08 Y1, + A) 2 E* X"

= OXE(I, + A) " 2I.(I, + A) 2 E*Lo*

= OXE(I, 4+ A)E* Lo

= X (I, + EAE")"'x0*

=X 2+ 2 'EAEY ) ot

= (X2 4+ *H'RHD) 9%, (4.31)
Here, the third equality follows from (4.29), the fifth and sixth equalities follow from

Lemma 2.21, and the last equality follow from (4.30). Applying the Woodbury identity
(Lemma 2.18) for A = X2, B=®*H* C = R~!, and D = B*, we obtain

(C 2+ *H*R'H®) ' = %2 - S20*H* (R + HOY*O*H*) ' HOY2.
Substituting this into (4.31),

1 ~ ~
——AdV (AdV)" = X2+ O*H*R'HP) 1o*

PY2P* — PN2P*H* (R + HOX**H*) ' HOX?9*
P, — P,H*(R+ HP,H") 'HP,
P, — K ,HP, = (Iy — K,H)P,.

n
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The simplified version of the analysis step (I1) of the EAKF is given as follows.

Lemma 4.17. The following analysis step is equivalent to the step (II) of the EAKF
in Definition 4.160.

(II’) (Analysis: Vn,yn — V,,) Decompose Vn =0,1+ d‘/}n. Update the mean
T, = O + Ky (yn — HOp)
with the Kalman gain given by (4.18). Apply the singular value decomposition

dV = ®XE", 4.32
— (4.32)
where E € RF*F s g unitary matriz. Also, apply the eigenvalue decomposition
1 ~ ~
ﬁdV*H*R”HdV = E'N(E), (4.33)
m —

where E' € RF*% 4s a unitary matriz. Define the adjustment operator
A, = ®XE*E/ (I, + A) 250", (4.34)

The rest of the algorithm is the same as (II) in Definition 4.16 with A, = A,.

~

We denote the map as V,, = Veaxr (Vo yn)-
Proof. By substituting (4.32) into (4.33), we have
EX®*H*R'HO®LE* = E'N'(E')*.
Hence, it follows from (4.30) that
E*E'N(E)'E = X0*H*R™'HOY. = EAE".
Since E, F’, E are unitary, we get
N=A EE=E.
This implies A, = A, given by (4.28). O

The EnKF provides a low-rank approximation of the covariance without computing
the derivative of U. There still remains the other issue originated from using the finite
size ensemble.

Remark 4.18. Due to the prediction covariance ﬁn s approximated by an ensemble

of m vectors, the rank is bounded by
rank ﬁn <m-—1.

Moreover, the analysis ensemble lies in the subspace spanned by the prediction ensemble.
This is so-called the subspace property of the EnKF [78], which is shared with algorithms
related to the EnKF []7, 90]. The numerical approaches to this limitation are discussed
in Section /J.J.
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4.4 Numerical techniques for the EnKF

The choice of the prediction covariance ]3n in the analysis step is crucial for the filtering
algorithms. In the EnKF, it is approximated by propagating the analysis covariance
P, _1 from the previous time. In practical numerical applications, ﬁn is often underes-
timated in uncertain directions of the high-dimensional state space due to the limited
ensemble size m < N,, which leads to poor state estimation. To resolve this issue,
covariance inflation techniques extend data assimilation algorithms by introducing an
additional parameter «. The idea of the covariance inflation is to inflate P, before the
analysis step [8, 69, 91]. The method of introducing inflation depends on the filtering
algorithm, as described below.

Definition 4.19 (Additive inflation for the PO method). Let o > 0. In the analysis
step (II) of Definition 4.10, one defines an inflated covariance ﬁfj‘ = ﬁn + a?Iy and
computes V,, = Vpo(‘Afn; Yn, ﬁﬁ‘)

This approach is called an additive inflation of the covariance, and « is referred to
as the inflation parameter.

Definition 4.20 (Multiplicative inflation for the EnKF). Let a > 1. In the analysis
step of the EnKF algorithms, one introduces the multiplicative inflation as follows.

(1) In (II) of Definition /.10, one defines an inflated covariance ]3,? = o2P, and
computes V,, = Vpo(Viu; yn, PS).

(1) In (II) of Definition 4.10, one defines an inflated perturbation dV,* = adV,
and ensemble V* = 7,1 + dV®, covariance ]3,? = Covm(d‘/}no‘), and computes
V, = Vpo(Vna;yn,ﬁﬁ). Equivalently, one can compute V,, = VPO/(‘ZLa;yn) in
Lemma /.12.

(2) In (1) of Definition 4.13, one computes V;, = VETKF(‘/}na;yn,ﬁg) with df/na,ﬁg

~

as in (1°). Equivalently, one can compute V,, = Vprgp (V% yy) in Lemma 4.15.

(8) In (II) of Definition 4.16, one computes V,, = VEAKF(Vna;yn,ﬁﬁ) with d‘/}n‘)‘,ﬁﬁ

~

as in (1°). Equivalently, one can compute V,, = Vgarp (V,%;yn) in Lemma 4.17.

Remark 4.21. The additive inflation directly improves the rank of ]3, ensuring that pe
is full-rank. However, the multiplicative inflation does not. Instead, the multiplicative
inflation for the ensemble (1°), (2), (3) in Definition /.20 may maintain the rank of the
ensemble covariance in a successive data assimilation process since the ensemble ‘7”“ 8
inflated before the contraction in the analysis step. This observation plays an important
role in establishing the error bound of the ESRF and is discussed in Section 7.
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Remark 4.22. For the ETKF and the EAKF, the relationships between the prediction

and analysis ensembles are summarized as follows. The mean update (4.23) is given by
(I + 0>P,H* R H)v,, = 0, + o> P, H* Ry, (4.35)

and the analysis covariance satisfies

o

P, = 1d17n(1m + 2dVH*R™'HdV,)"'dV;. (4.36)
m [R—

For the PO method, these equalities hold only in the meaning of the conditional expec-
tation provided Vn and yp.

The covariance inflation techniques practically improve the state estimation error in
the ESRF with multiplicative inflation [69, 91], in the PO method with additive inflation
[54]. For large-scale atmospheric models, large « is often required, and manual tuning
of « is expensive [45]. To avoid this, adaptive tuning algorithms have been developed
[6, 7, 72]. Another approach focuses on the residual, which is the difference between
the measured observation and the simulated (or predicted) observation, and they derive
upper and lower bounds of « for the multiplicative inflation to ensure that the residual
remains within a prescribed interval [68].

Related numerical techniques, known as the relaxation-to-prior methods, relax the
contraction of the ensemble at the analysis step. For instance, the relaxation to prior
perturbation (RTPP) method [94] interpolates the prediction and analysis ensemble

perturbations with the ratio of o € [0, 1] as
AVgrpp = adV + (1 — a)dV.

Another example is the relaxation to prior spread (RTPS) method [92], which relaxes
the contraction of the analysis ensemble spread by multiplying a factor determined for
each component in the state space for a € [0, 1].

aldV |2 + (1 — a)[dV ]|

dVa 7| = aidV 7 y o; = " ;
RTPS[ ] [ ] ‘dV[’L”Q

where V'[i] = [(v®))"]™ | denotes an ensemble of the i-th component of each vector
for V.€ RMeXm_ Adaptive tuning methods for the RTPP and RTPS have also been
proposed [57, 93].

The other technique to avoid covariance underestimation is called the localization
[40, 46, 91]. The central idea is to ignore observations in regions far from each state
variable during the analysis step. A well-known algorithm using this approach is the
local ensemble transform Kalman filter (LETKF) [46]. Although localization techniques
are essential technique in the EnKF, mathematical analysis with the localization is not
covered in this thesis, see [31, 87, 90].
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4.5 Continuous-time algorithms

The continuous version of the KF for (3.3) and (3.4) is called the Kalman Bucy fil-
ter (KBF) [73, 80]. Let us consider the continuous-time and finite-dimensional linear
system for (3.3) and (3.4) with

F(u) = Fu, h(u)= Hu, (4.37)

where F € RVexNu I € RNv*Nu for Ny, N, € N and a Gaussian initial uncertainty
Uy ~ N(wO,Po) with wg € H, Py € RN“XN“,PO > 0.

Proposition 4.23 (The Kalman Bucy filter [73, 80]). Suppose the observation noise in
(3.4) with (4.37) satisfies Assumption 5.3. Then, V; = E[U; | .Z)] satisfies the equations
in Definition 4.2/.

Definition 4.24 (The Kalman Bucy filter). The Kalman Bucy filter (KBF') is defined
by the following equations.

dV, = (F — PBH*R™'H)V, dt + P,H*R™'dY;
= FV,dt + K,(dY; — HV, dt),

‘/OZWOa

where Ky = PLH*(HP,H* + R)™! with the covariance P, of V; satisfying

dPp,
CT; — FP,+ P,F*+Q— PH*R'HP, = FP, + P,F* + Q — K;RK].

The continuous-time extensions of the EnKF have also been proposed and summa-
rized in [13]. Here, we introduce a deterministic version called the ensemble Kalman
Bucy filter (EnKBF), which is available for the nonlinear system (3.3) and (3.4).

Definition 4.25 (The ensemble Kalman Bucy filter [12]). Let the model dynamics
follow (3.3) and Vi € H™. Suppose that the observation noise in (3.4) satisfies As-
sumption 3.5. Then, the EnKBF is given by

1~ _
av® = rov®yat + QP (v, —5,) dt — 5PtR—l(h(Vt(’“)) dt + hy dt — 2dY;)
fork=1,...,m, where PtT is the pseudo inverse of P, and
1 & k 1 - k _ k) _—
=V Pe= ey Y e (v ),
- 1 k = 1 =) - Ky T
he=— kz-lh(vt( ), B=—— _1(Vt( )@ (V) ).



5. Dissipative dynamical systems

Let us consider the evolution equation (3.11). We focus on dissipative dynamical sys-
tems on Hilbert spaces 7, in particular, chaotic systems that appear in atmospheric and
oceanic modeling. See the handbook [38] for further examples of dynamical systems in
fluid mechanics.

5.1 Dissipativeness and examples

In the mathematical analysis of data assimilation algorithms, it is essential to ensure
that the trajectory is bounded and to estimate the time evolution of the error between
two trajectories with a small initial perturbation. We consider two assumptions on the
deterministic model dynamics (3.11) to characterize dissipative dynamical systems.

Assumption 5.1. The evolution equation (3.11) has a unique solution for any uy € H,
which generates a one-parameter semigroup Y, : H — H. In addition, there exists p > 0
such that U, has an absorbing ball B(p) = {v € H | |v| < p}, i.e., U (v) € B(p) for any
v e B(p) and t > 0.

Assumption 5.2. There exists € R such that,
(F(u) — F0),u—v) < Blu— v, (5.1)
for any u € B(p) and v € H.

Kelly et al. [54] impose specific assumptions on F in addition to (5.1), as it is
designed for the two-dimensional Navier-Stokes equations with periodic boundary con-
ditions. Assumption 5.2 implies the following lemma to estimate the error growth along
the dynamical system.

Lemma 5.3 (The upper bound of the error growth [54, 82]). Suppose that Assump-
tion 5.1 and 5.2 hold. Then,

|y (u) — Uy (v)] < e’Bt|u — ], (5.2)
for any u € B(p), v € H and t > 0.

From Lemma 5.3, we can interpret 5 as the (upper bound of) maximum error
growth rate in the absorbing ball. If 5 < 0, any perturbation contracts to zero expo-
nentially fast, indicating that the dynamical system is not chaotic. It is noteworthy
that Lemma 5.3 does not assume the scale of the initial error |u — v|.

In the following error analysis, v and v represent the true and analysis states,
respectively. Considering the ensemble mean as the analysis state, we require another
inequality to estimate the error growth. To this end, we consider the following stronger

assumption.
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Assumption 5.4. For p > 0 in Assumption 5.1 and F in (3.11), there exists 5 > 0
such that

[F(u) = F(v)| < Blu—v|, u,veB(p).
Then, we have the following lemma.

Lemma 5.5 (Upper bound of the error growth for the ensemble mean [82]). Suppose
Assumption 5.1 and Assumption 5.4 hold, and that uy € B(p) and U(()n) € B(p) for
n=1,...,N. We define u; = V;(ug) and vy = % ZnN:1 \Ilt(v(()n)). Then, for any e > 0,
t > 0, we have

0y — ug|? < 2B+ (7 — wo|? + D) — D, (5.3)

. 52 2
where D = (6+'Z)e.

5.1.1 Examples of finite-dimensional dissipative dynamical systems

We introduce two examples of finite-dimensional dissipative dynamical systems.

Example 5.6. The Lorenz 63 equation (L63) is a three-dimensional nonlinear ordinary

differential equation given by

(cil% = —ox + 0y, (5.4a)
i% =or—y—xz, (5.4b)
d

d—j = —bz + xy, (5.4¢)

where 0 > 0, b > 1, and ¢ > 0. It was originally proposed by Lorenz [65]. In [85], a
shifted version of the L63 equation is considered to analyze its absorbing property. By
the changing variables (z,y,z) — (x,y,z — 0 — 0), (5.4) becomes

d
d—f = —oz + 0y, (5.5a)
d
d—i =—or—y—xz, (5.5b)
d
d—i =—bz+ay—blo+ o). (5.5¢)

The L63 equation satisfies the assumptions of dissipative dynamical systems.

Proposition 5.7 ([41, 85]). Let H = R3 and u = (z,y,2)* € R3. Then, for any
ug € H, there exists a unique solution u(t) € H to (5.5) with u(0) = ug. The L63
equation satisfies Assumption 5.1 with p = b(f(j:i), Assumption 5.2 with = 2p — 1,
and Assumption 5.4 with some 8 > 0. Furthermore, there exists a global attractor <f .
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Figure 4 shows the projected global attractor of the L63 equation with typical
parameters ¢ = 10,b = %, o = 28. We can enjoy the interactive animation of the
trajectories of the L63 equation on on the web site https://kotatakeda.github.io/
lorenz-webgl [81].

T Vvs. Yy

Figure 4: The global attractor of the L63 equation with o = 10,b = %, o= 28.

Another important example is the Lorenz 96 (L96) equation, which is a spatially
extended chaotic phenomenological model in meteorology [66, 67]. The L96 equation

also satisfies the assumptions.

Example 5.8. For a given number of components J € N, the L96 equation for a state

vector u = (u',...,u’)* € R’ is given by

du’® . . , .

e (u = H T - f, i=1,..0, 0, (5.6)
where vt = u’ 71, u = u’, and w1 =l and f € R is external forcing.

Proposition 5.9 ([62]). Let H = R’. Then, for any ug € H, there exists a unique
solution u(t) € H to (5.6) with u(0) = ug. The LI6 equation satisfies Assumption 5.1
with p = V2J|f|, Assumption 5.2 with = 2p — 1, and Assumption 5.4 with 8 > 0.

Furthermore, there exists the global attractor <f .

5.1.2 Examples of infinite-dimensional dissipative dynamical systems

Let Q be an open subset of R? for d € N. For 1 < p < oo, LP() denotes the space
of LP functions on 2. Similarly, for n € N and 1 < p < oo, W™P(Q2) denote the space
of LP functions on §2 whose weak k-th derivatives belong to LP(Q2) for k =1,...,n. In
particular, H™(Q2) = W™2(Q). The standard L? and H' norms are denoted by |- | and
Il - ||, respectively. For a Banach space X', 1 < p < oo (resp. n € N), —oo < a < b < 00,
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LP(a,b; X) (resp. H"(a,b; X)) denotes the space of LP (resp. H™) functions from (a,b)
to X. Similarly, for —o0 < a < b < 0o, we denote the space of continuous functions
from [a, b] to X by C([a,b]; X'). The two-dimensional Navier-Stokes equations are given
as follows.

Example 5.10 (The two-dimensional Navier-Stokes equations). For L > 0, let Q) =
[0, L)% and let ¥ be the set of vector-valued L-periodic trigonometric polynomials ¢ :
Q — R? withV-¢ =0 and fQ ¢ = 0. We define its closures with respect to the L*>-norm

as H = 7“ and with respect to the H'-norm as V = 7”'”. We consider the Leray-
Helmholtz projector Py, i.e., the L?-orthogonal projection Py : L*(Q) — H. With
the notations in [41, 54, 59, 85], the incompressible two-dimensional Navier-Stokes
equations with periodic boundary conditions are given by

du

a + Au + B(u,u) = f, (5.7)

where an unbounded linear operator A : H — V* is defined as A = —v/A, a symmetric
bilinear operator B : V x V — V* is defined as B(u,v) = 1[Py(u- V)v + Py(v - V)u],
v > 0 is the kinematic viscosity and f € H is a time independent forcing. The domain
of A in H is denoted by D(A).

We refer to the incompressible two-dimensional Navier-Stokes equations with peri-
odic boundary conditions as the 2D-NSE on a torus.

Proposition 5.11 (The 2D-NSE on a torus [41, 84, 85]). For ug, f € H, there exists
a unique weak solution to (5.7) with u(0) = ug satisfying

u € C([0,T); H) VL0, T; V), ‘C%‘ € L*(0,T; V")

for any T > 0. The semigroup ¥V, : H > ug — uy € H is well-defined for t > 0, and it
is continuous from H into itself. A ball B(p) = By(p) in H with p = % is absorbing
where A1 > 0 is the smallest eigenvalue of A. There exists B € R for Assumption 5.2.
Furthermore, if ug € V, there exists a unique strong solution satisfying
d
we ([0, V) N L0, T3 D(A), = € L(0,T:H)

for any T > 0. The semigroup ¥, : V — V is defined for t > 0. Assumption 5.1 and
5.2 hold for V instead of H with some p > 0 and § € R. Furthermore, there exists a
global attractor of C V.

Similar results to Proposition 5.11 hold when the 2D-NSE is considered under the
no-slip Dirichlet boundary condition [84, 85] on a bounded domain. For the three-
dimensional Navier-Stokes equations, it is difficult to prove the existence of a global-
in-time regular solution. However, for regularized versions like the Camassa-Holm or
Navier-Stokes-alpha equations, the global existence and uniqueness have been proved
[35, 71]. Similarly, the well-posedness results are obtained for the Leray-alpha [22], and
Navier-Stokes-omega equations [64].
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5.2 Reconstructing the state from partial observations

As noted in Section 1, one of the essential roles of data assimilation is to reconstruct
the true state using only partial observations in a finite-dimensional space. Here, we
consider the noiseless observation (3.12) on a Hilbert space to discuss the problem
of partial observations in an ideal setting. This problem is related to estimating the

degrees of freedom of dynamical systems based on control theory.

5.2.1 Continuous data assimilation for the Navier-Stokes equations

The problem known as “continuous data assimilation” was formulated to obtain an
appropriate initial state in the numerical weather prediction using the time series of
incomplete observation data, see also [21, 28]. Similar numerical studies [18, 42| inves-
tigate whether the small-scale dynamics are subordinated by the large scale dynamics
in the atmospheric motions. Let us consider the 2D-NSE (5.7) on a flat torus T2. Any
function a : T2 — R? can be represented as

a=" axer,

kes

where .# = {2mm | m € Z?\ {0}} is the index set, ¢y (x) = €7 is the orthogonal basis
of #, and aj = a_y, for k € .#. We define the orthogonal projections Py for A > 0 by
Pra= Y o,
|k[2<X

which are considered as the sparse observation operators with the smallest length scale
A2 and we write Qy = I — Py. This is a special case for (3.11) and (3.12) by setting
h(u) = Pau. Then, we consider two solutions u; and ug to (5.7) and decompose them
into the large and small scale parts as

ui(t) = pi(t) + ai(t), pi(t) =Prui(t), ¢ =Qui(t), =12 (5.8)

In the context of the numerical weather prediction, u; and wus correspond to the true
state and its approximation, respectively. Only p; is obtained from noiseless observa-
tions. The following algorithm, which inserts observed data directly, is called continuous
data assimilation (CDA) or the synchronization filter. Let @ € V be an initial guess
for the initial state u1(0).

Definition 5.12 (CDA for the 2D-NSE on a torus). To estimate uy, we copy the large
scale part p1 of uy to that of us, i.e.,

pa2(t) = p1(t). (5.9)
We approrimate the small-scale part q1 by integrating

d
% + Age + QB((p1 + ¢2), (1 + @2)) = Qnf,  @(0) = Qw. (5.10)
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The concept of determining modes is important for characterizing the necessary
length scale for synchronization [36, 74].

Definition 5.13. The number of determining modes is the smallest rank of the pro-
jection Py such that the convergence

Jim [ Pyua () = Paua(t)] = 0
implies that
Jim Jun (1) —uz(t)] = 0
for any two solutions ui and ug to (5.7).

The following result provides the bound for A.

Proposition 5.14 ([48, 74]). Let u; andug be two solutions of (5.7) with corresponding
time-independent forcings fi, fo € H, and initial conditions u1(0),u2(0) € V. Then,
there exists a constant ¢ > 0 independent of v, f;, and any initial conditions such that
the convergence

tllglo ’P)\ul(t) - P)\UQ(t)‘ =0
implies that

Jim JJus (1) — ua(t)] = 0

for any X\ > c¢Gr(f1)(2n/L)%. Here, Gr(f) = (L/27v)?limsup, .., |f(t)| is called the
Grashof number and || - || is the H'-norm.

The convergence rate is also estimated in [74]. This analysis provides guidelines on
the a necessary dimension of observations needed to estimate the true solution even for
data assimilation problems with observation noises. Korn [55, 56] studied continuous
data assimilation for the regularized Navier-Stokes equations.

Remark 5.15 (Point wise observations). In real-world applications, it is often difficult
to insert observation data into the model state directly. For example, if the measured
data are the values of the exact solution at discrete spatial points, then the exact spatial
derivatives cannot be obtained. Azouani et al. [10, 11] proposed a new algorithm for
general observation operators based on the control theory, in which the observed infor-
mation from the true solution is inserted into the vector field of the evolution equation

through an interpolant operator.
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5.2.2 Continuous data assimilation for finite-dimensional system

For finite-dimensional dynamical systems such as the L.63 and L.96 equations, continuous
data assimilation can also be well-defined. Let H = RM: and P € RN«*Nu be a
projection matrix, where each row is the standard basis in R+, and set Q@ = I — P.
Let u and v be the true solution and its approximate solution to (3.11) respectively.
The observation function is given by h(u) = Pu, and the initial guess is w € RV«. We

can define the continuous data assimilation for the system as in Definition 5.12.

Definition 5.16 (CDA for ODE). To estimate u, we replace the large-scale part in v

as
v="Pu+q. (5.11)

The small-scale part q is defined by integrating
d
d—? = QF(Pu+gq), ¢(0)=Quw. (5.12)

For the L96 equation with J = 3J’ for J’ € N, we consider the projection matrix,
P: [¢1’¢2’07¢47¢5707"’] 6RJ><J7 (5-13)
where (gbj)j:l is the standard basis of R’. Note that rank(P) = 2.J' = %J.

Proposition 5.17 (CDA for the L96 [62]). Let u be a solution to the LI6 equation (5.6)
with an initial state ug € B(p) for p > 0 given by Proposition 5.9, and v is obtained by
(5.11) and (5.12) with P in (5.13) for the L96 equation (5.6). Then, we have
Jim fu(t) —v(t)| = 0.
A similar result follows for the L63 with the following projection onto the first

component z as in [41]:

(5.14)

RS,

Il
o o =~
o o o
o o o

5.2.3 Discrete data assimilation

Let us return to the case when H is infinite-dimensional. The results in the previous
sections were obtained under the assumption that the observation data is continuous in
time. However, in real-world applications, observation data is often obtained at discrete
times. We consider a finite-rank orthogonal projection P on H, and denote Q = I —P.
For a solution u to (3.11), let ¥ be the associated semigroup. An increasing sequence
(tn)nen C [0,00) represents discrete times when observation data are obtained. Let
go € Q(H) be an initial guess. Hayden et al. [41] proposed discrete data assimilation

as an analog of continuous data assimilation.
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Definition 5.18 (Discrete data assimilation). For n =0, let vo = Pug + qo. For each
n € N, v, is defined by

vy, = Pu(ty) + QWUy, ¢, 4 (Un-1), (5.15)
and define the piecewise continuous function in time v(t) by
v(t) =Yy, ,(Vn-1), (5.16)
fort € [th—1,tp).
Then, the following convergence result is established.

Proposition 5.19 (Discrete data assimilation for the L63 equation [41]). Let wu(t)
be a solution to (5.4) with ug € o for the global attractor </. Then, there exists
t* =t*(o,b,0) > 0 such that the approximate solution v(t) defined by (5.15) and (5.16)
with P as in (5.14) and t, = ™n converges to u(t) for any T € (0,t*], i.e.,

lim |u(t) —v(t)| = 0.

t—o00

Remark 5.20 ([41]). If o = 10,b = 8/3,0 = 28, then the time t* is estimated by
0.000129.

We have similar results for the L96 equation and the 2D-NSE on a torus.

Proposition 5.21 (Discrete data assimilation for the LI6 equation [62]). Let u(t) be
a solution to (5.4) with uy € B(p) for p given by Proposition 5.9. Then, there exists
t* = t*(F,J) > 0 such that the approximate solution v(t) defined by (5.15) and (5.16)
with P as in (5.13) and t, = ™n converges to u(t) for any T € (0,t*], i.e.,

tlglolO lu(t) —v(t)| = 0.

Proposition 5.22 (Discrete data assimilation for the 2D-NSE on a torus [41]). Let
u(t) be a solution to (5.7) with ug € </ and qo € V. Then, there exists \* =
X(llgoll, 1 f], v, ) > 0 such that for any A > X*, there exists t* = t*(\, ||qoll, p, v, 2) > 0
such that the approzimate solution v(t) defined by (5.15) and (5.16) with P = Py and
t, = Tn converges to u(t) for any T € (0,t*], i.e.,

lim [|u(t) — v(t)] = 0.

t—o00

As a corollary, we achieve the convergence for any time interval by taking a suffi-
ciently large A > 0.

Corollary 5.23 ([41]). For any t* > 0, there exists A\ = X(p, ||qol|, v, 2, t*) > 0 such
that the approximate solution v(t) defined by (5.15) and (5.16) with t, = ™n converges
to u(t) for any T € (0,t*], i.e.,

lim [|u(t) — v(t)| = 0.

t—o00
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5.3 Stochastic dynamical models

While our theory does not currently address stochastic model dynamics, we review
existing analyses to guide future extensions of our theory to data assimilation problems
with stochastic model dynamics. For the stochastic model dynamics (3.1) and (3.3),
the kinetic energy principle (2.17) can be extended as shown in [83, 88|, implying the
boundedness of the expectation of the solution.

Assumption 5.24 (Kinetic energy principle). For the discrete-time stochastic dynam-
ics (3.1), there exists A € (0,1), K > 0 such that

[T(u)?+TrQ < (1 —N)|u]* + K. (5.17)

For the continuous-time stochastic model dynamics (3.3), we consider the analog of
(2.18) in terms of the infinitesimal generator £ associated with (3.3)

LE() < -NE(u) + K, (5.18)

for N, K’ > 0 and £(-) = |- |%. By the relations between continuous-time and discrete-
time models noted in Remark 3.13, the inequality (5.18) implies that the discrete-time
stochastic dynamics satisfies Assumption 5.24. Assumption 5.24 is confirmed for the
shifted version L63 equation, the L96 equation, and the 2D-NSE in the same manner
as in Section 5.1. These conditions ensure the boundedness of the expectation E[|uy|?.
Unlike the deterministic case, however, we cannot guarantee the boundedness of any
sample path.

On the other hand, to estimate the maximum error growth rate as in Lemma 5.3,
the global Lipschitz condition is imposed, which is a standard assumption for analyzing
SDEs.

Assumption 5.25 (Global Lipschitz condition). For the discrete-time stochastic dy-
namics (3.1), there exists B > 0 such that

|U(u) — U ()] < B|u—n], (5.19)

for any u,v € RN+, For the continuous-time stochastic dynamics (3.3), there exists
B > 0 such that

[ F(u) = F(v)] < Blu— ], (5.20)
for any u,v € RNw,

As examples for the dissipative stochastic dynamics, the stochastically perturbed
L63 and L96 equations are considered in [30, 31], satisfying not Assumption 5.25 but
the local Lipschitz condition (Assumption 5.4). In the deterministic case, whether the
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condition is local or global is not a crucial since the trajectory is bounded. For the
stochastic case, the boundedness of the sample path of the stochastically perturbed
L96 equation is only validated numerically as mentioned in [31].

Finally, the non-degeneracy of the model noise plays an essential role in the analysis
of the EnKF for stochastic model dynamics [30, 88], which will be discussed in Section 6
later.

Assumption 5.26 (Non-degeneracy of the model noise). For the state space model
(3.1) and (3.3), the noise is not degenerate, i.e.,

Q> 0. (5.21)
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6. Mathematical analysis of the EnKF

6.1 Basic properties of the EnKF

We first discuss the EnKF in the infinite ensemble limit m — oo since the EnKF is
designed to approximate the KF using the Monte Carlo method. The following results
ensure the convergence of the EnKF to the KF as m — oo for the linear-Gaussian

system (4.1). This is referred to as the consistency with the KF.

Proposition 6.1 (Consistency with the KF [58, 70]). For the linear-Gaussian system
(4.1), the EnKF converges to the KF. That is to say, let p € [1,00), for any time step
n €N,

Tim E (|7 — @al?] = 0,

lim E [|P) — P,lh¢] =0,

m—0o0

where v and P are the ensemble mean and the covariance of the EnKF respectively,

wn and P, are the mean and the covariance of the KF.

The consistency remains valid when H and ) are infinite-dimensional Hilbert spaces
[51, 58]. Similarly, in the continuous-time formulation, the EnKBF is consistent with
the KBF [13, 30]. It is important to note that the EnKF and EnKBF do not converge to
the exact filtering distribution unless the system is linear-Gaussian. In contrast to the
consistency with the KF, an analysis with a finite ensemble size m provides a differences
between the PO and ESREF. It is shown that the ESRF produces less error than the PO
method in approximating the mean and covariance of the analysis distribution with a
finite ensemble size m [1].

Secondly, we discuss the EnKF in the infinite time limit n — oo. The filtering
algorithm is said to be stable if two estimates V,, and V,, generated by the algorithm
with the same observations converge to the same solution,

lim |V, — V)| =0.

n—oo

The stability can also be defined in terms of the filtering distribution as

lim d(P"",PVn) =0,

n—oo

where d( -, - ) is a distance between two probability measures. If the convergence rate

is exponential, i.e., there exist constants C' > 0 and v € (0, 1) such that
d(PY" PVn) < CH", neN,
then this property is called the exponential stability (or the geometric ergodicity) of

the filtering algorithm. In the classical theory of filtering, the controllability and the
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observability of the linear-Gaussian system (4.1) ensure the stability of the Kalman filter
[4, 24]. For nonlinear problems, the stability is discussed in various contexts [9, 83]. For
the 3DVar, the exponential stability has been proven for the two-dimensional Navier-
Stokes equations on a torus [17, 15]. The stability of the EnKF has also been established
[88]. We introduce the statement of the exponential stability of the EnKF for the
stochastic model dynamics (3.1) and the linear observation (3.2) with h(u) = Hu.

Proposition 6.2 (Exponential stability of the EnKF [88]). Let U, be the solution
to (3.1) and Vn(l), e ,Vn(m) be the ensemble generated by the EnKF with observations
(3.2) for h(u) = Hu. We consider the coupled process X, = (Un,Vél),--- ,Vém)) as
a Markov chain on X = RNe x RN«Xm  qnd P denotes the Markov transition kernel
of the process X,,. Suppose (3.1) satisfies Assumption 5.2/ and Assumption 5.26, the
observation noise satisfies 3.1, and that there exist constants A > 0, K > 0, a positive
function € : X — R such that a sublevel set {E(u) < ¢} is compact for any ¢ € R and

E[E(X,)|ZX ) < (1- NEX,) + K, neN.

Then, there exists v € (0,1) such that for any p,v € M1(X), there exists C = C(u,v) >
0 such that

dry(P"u, P'v) < Cp", neN, (6.1)
where dpy (-, - ) is the total variation distance.

Proposition 6.2 implies that the initial errors of the EnKF will decay exponentially
in time. While the filter stability is appropriate for the filtering algorithms, it does not
ensure the accurate state estimation by the EnKF.

6.2 Error analysis of the filtering algorithms

We review the error analysis (or accuracy) of the EnKF for the state space model
associated with an evolution equation on a Hilbert space H,

du
— = F(u), 6.2
A C) (6.2)
which is the same as (3.11). Suppose that a unique solution exists for any uy € H
and it generates a one-parameter semigroup ¥y : H — H for t > 0. As described in

Remark 3.13, we then consider a discrete dynamical system given by
Up = ¥Y(up—1), neN, (6.3)

where ¥ = W, for a time interval 7 > 0. The Hilbert space ) C H is the observation
space. The noisy observation y, € )Y is obtained by

Yn = Huy + 1, (6.4)

where H € L£(H,)) is a linear observation operator and (7,)ney C Y is i.i.d. noise

sequence.
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6.2.1 3DVar
We start with the analysis of the 3DVar algorithm in Definition 4.9.

Proposition 6.3 ([63]). Let dim(H) < oo and u, be a unique solution to (6.3) with
ug € R™. Suppose that the observation noises in (6.4) satisfy

sup |n,| = €, (6.5)
neN

and that the model covariance of the 3DVar Py is chosen so that (Iyy — KH)V : RNv —
RN is globally Lipschitz with a constant 6 € (0,1). Then, for the sequence of the states
(wn)nen generated by Definition 4.9 with Py, there exists ¢ > 0 such that

Cc

€. (6.6)

lim sup |, — u,| <
meup jn — | < 77

Proof. We review the proof in [63] to explain the essence of the error analysis of data
assimilation algorithms for nonlinear dynamical systems. From (4.12) and (4.13), using
(6.4) gives

O = G+ K(yp — Hoon) = (I — KH)U(wn_1) + K Hup, + Knp.
From (6.3), we also have
Up = (I’H — KH)\II(un_l) + KH\II(un_l)

By subtracting both sides of these equalities, applying the triangle inequality, and

letting e,, = w, — u,, we obtain
len| < [(In — KH)Y(wn-1) — (Iy — KH)¥(un—1)| + |Knn| < Olen—1| + ce,

where we use the global Lipschitz constant #, the bound of the observation noise ¢, and
¢ = |K|z. When we apply the inequality successively, we have

1-0m" ce

len| = 0™ en—1] + ce T " 1%

(n — o0).
O

Remark 6.4. Similarly, we can obtain the error bound of E[|e,|?] if the observation

noises (Np)neN satisfy Assumption 3.1.

Proposition 6.3 requires that the global Lipschitz constant of the nonlinear map
(I4 — KH)V is less than 1. The combination of the following two conditions is a
sufficient condition.

(1) The model dynamics ¥ is global Lipschitz continuous with a constant 5’ > 0 as

in Assumption 5.25.
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(2) The error contraction in the analysis step is estimated by |y — KH|s < 8/~ ".

The first condition is common in many analyses. For the second condition, from (4.7),

we have
Iy — KH|z = |(Is + P,H* R H) Y.

Assuming full observation (Assumption 3.2) and choosing P, =P = o’ in the
3DVar, we have

r2

S rrk o=l =1y 2.-27 \—1. _
(I + PoH R H) e = (I + @7 In) e = 5o

(6.7)
Thus, for any 8’ > 1, we can achieve |Iy — KH|; < /"' by taking sufficiently large
a > 0.

The observation matrix H is not full-rank when we consider partial observations.
Hence, we cannot use this approach since it follows that |Iy—KH |z > 1if Ker H # {0}.
In general, we have the following lemma.

Lemma 6.5. Let H and Y be Hilbert spaces. If ﬁnH*R_IH € L(H) is not full-rank,
then

Iy — KH|; = |(Iy + P,H*R™"H)™'|; > 1.

Proof. By assumption, there is v € H such that u # 0 and ﬁnH*R_lHu = (. Hence,
we get (Ipy + PoH*R™YH) Ly = u. This implies the conclusion. O

The error bounds of the 3DVar are obtained for the dissipative dynamical systems
introduced in Section 5 with partial observations. The proofs are similar to that for the
discrete and continuous data assimilation in Section 5.2. Moreover, similar results also
hold for the continuous-time formulation of the 3DVar. The results are summarized in
Table 1.

Algorithm \ Model L63 | L96 | 2D-NSE
3DVar [61] | [62] [17]
Continuous-time 3DVar | [61] | [62] [15]

Table 1: References of the accuracy results of the 3DVar with partial observations.

6.2.2 PO method
We have two issues when considering the error bound of the EnKF.

(i-1) In the EnKF, we want to estimate the Lipschitz constant L > 0 such that
|un - 571,’ < L|un—l - En—1|-

However, we cannot apply Lemma 5.3 since ¥(7,,_1) # Oy, if U is nonlinear.
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(i-2) In contrast to the 3DVar, the prediction covariance P, is not trivial. Therefore,
it is difficult to estimate |l + P,H*R™'H|, even when the full observation is
considered.

The following lemma provides an estimate of the error contraction in the EnKF.

Lemma 6.6. Suppose Assumption 3.2 holds. Then, the prediction covariance ﬁn m
the EnKF satisfies the following inequality

I — KnH|e = (I +772B,) Y < 1.

Proof. Since ]Sn > 0 by definition, the result follows as a consequence of Lemma 2.3
and Lemma 2.19. O

Kelly et al. [54] consider the error estimate of the state of each ensemble member

by defining eglk) = vflk)

—uy for k=1,...,m. They estimate the error growth for each
member using Lemma 5.3 in the same manner as the 3DVar to avoid the issue (i-1).
They first prove the well-posedness of the PO method based on Lemma 6.6, which

implies that the error does not blow up in finite-time.

Proposition 6.7 (Well-posedness of the PO method, modified [54]). Let Assump-
tion 5.1 and Assumption 5.2 for the model dynamics (6.2), and Assumption 3.1 and
Assumption 3.2 for the observation (6.4) hold. Let u, be the solution to (6.3) with
ug € B(p), and let V,, be generated by the PO method in Definition 4.10. Then, we
have

E {]egk)ﬂ < 2P “e(()k)ﬂ + 2mr? e:ﬂm -1

P (6.8)

fork=1,...,m andn € N.

Proposition 6.7 does not ensure a uniform-in-time error bound when the model
dynamics is chaotic, i.e., 5 > 0. Hence, they apply additive inflation as described in
Definition 4.19. For the full observation with Assumption 3.2, we get the estimate for
the additively inflated covariance P as (6.7).

(B + B H RV H) e = (B + 12 (Pa + 0% 1g) e

?”2

< |+ Pr ) e = 2oz

This bound plays a significant role in the error estimate of the PO method with additive
inflation, which is stated as follows.

Proposition 6.8 (Accuracy of the PO method with the additive inflation, modified
[54]). Let Assumptions 5.1 and 5.2 for the model dynamics (6.2), and Assumptions 3.1
and 3.2 for the observation (6.4) hold. Let u, be the solution to (6.3) with ug € B(p)
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and let V, be generated by the PO method in Definition /.10 with the additive inflation
in Definition /.19 for « > 0. Define § = (1 + %2)*262’3}‘ < 1. Then, we have

1—6"
1-46

E [ye,g’m?] < 0"E [\eg@ﬂ + 2mr? (6.9)

fork=1,...,m and n € N. In particular, if 0 <1 then

2mr?
i (k) 2} <
Jm B [0r] < 775
Remark 6.9. Proposition 6.7 and Proposition 6.8 hold with Assumption 3.11 instead

of Assumption 3.1 owing to the following lemma.

Lemma 6.10. Let H be a Hilbert space, n ~ N(0,R),R € Lyo(H),R = 0,TrR <
oo,f{ =< 12l for r > 0. The operator P : H — H is an orthogonal projection with
dim(P(H)) < co. Then,

E[[Prf] < dim(P(H))r?.
Proof. Let Np = dim(P(H)). Then, we have Py ~ N(0, PRP) and
E[|Py|?] = Te(PRP) < Te(P(r2Iy)P) = r2 Te(P) = Npr2.
O

Next, we consider the continuous-time formulation of the EnKF, the EnKBF defined
in Definition 4.25, in a finite-dimensional state space H = R™V» and a finite-dimensional
observation space ) = R . The uniform-in-time error bound is also obtained for the
EnKBF with full observations and small noises.

Proposition 6.11 (Accuracy of the EnKBF [30]). Let Assumptions 5.25, 5.26 for
the stochastic model dynamics (3.3), and Assumption 3.2 for the observation (3.4)

2

hold. Suppose that the observation noise variance r= is chosen to be sufficiently small.

The initial ensemble Vo € RNeX™ s chosen so that the initial ensemble covariance
Py € RN«xNu s invertible, and the bounds Amaz(Po) < C11 and \pin(Py) > Cor are
satisfied for C1,Co > 0. Let Uy be the solution to (3.3) and V; € RNeX™ be the ensemble
generated by Definition /.25. Then, we have

Jim B[|U; — m*] = O(r). (6.10)

Without any inflation technique, this result holds owing to the non-degeneracy of

the model noise (Assumption 5.26).
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7. Error analysis of the ESRF

7.1 Well-posedness of the ESRF

We consider the state space model given by (6.2)-(6.4) in Section 6.2. Let the ensemble
of state estimation errors be defined as E, = [e%k)]?zl € H™ and let .#, be the o-
algebra generated by initial uncertainties in Vi and the observation noise sequence
(mk)}—, for n € N. We establish the well-posedness of the ETKF.

Theorem 7.1 (Well-posedness of the ETKF [82]). Suppose that Assumption 5.1 and
Assumption 5.4 are satisfied by the model dynamics (6.2), and Assumption 5.2 and
Assumption 3.11 are satisfied by the observation (6.4). Let u, be the solution to (6.3)
with ug € B(p), and let V,, be generated by the ETKFE' (Definition /.153). Then, we have
the following upper bound.

2625hn -1

E[|E, 3] < e*"™E [|Eo|3] + (m — 1)r BT

n € N. (7.1)

We need the following lemma for the analysis step of the ETKF in Definition 4.13,
and it is a variant of Proposition 3.2 in [54] for the PO method.

Lemma 7.1. The following holds for the transform matrix

dV,1* =dV,1* =0 € H, (7.2)
T,1* = 1. (7.3)

Moreover, the ensembles satisfy the relation
(Iy + P,H*R"'H)V,, = V,T; ' + P,H*R 'y, 1. (7.4)

Proof. We omit the time index n in the following proofs for simplicity since n € N is
fixed. The equality (2.6) in Lemma 2.16 yields

1
S11* = (Im + dV*H*R‘lﬂdV) 1% =17,
m—1
where S = T2 defined by (4.24). Hence, we have
S1* =1" (7.5)

Then, we prove that 1* is also an eigenvector of T'= S 2 with an eigenvalue 1. Since S
is symmetric, it is diagonalized as S = UDU* with a unitary matrix U € R™*™ and a
diagonal matrix D € R™*™, Then, (7.5) is equivalent to

S1*=1"< UDU*1* =1" < DU*1* =U"1".
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Putting u = U*1* = (u!,--- ,u™)* € R™ and &’ > 0 as j th diagonal element of D for

j=1,...,m, we rewrite the last equality for each component as
dud =, j=1,...,m.
This implies that & = 1 or w/ = 0 for each j = 1,...,m. Hence, we have
(dj)%uj =4, j=1,...,m,

and D2U*1* = U*1*. By definition, T is written as T = UD2U*, and this yields
T1* = 1%, which is (7.3).
The last equality (7.4) is shown as follows. From (4.23), we have

(I + PH*R™'H)Yv =9+ PH*R 'y € H.

By using P = Cov,,(V), (4.24) and S = T2, we obtain

(Iy + PH*R™'H)dV = (Iy; + PH*R"'H)dVT = dV |I,, + ﬁdV*H*R‘lHdV T
—dVS T =dVT ' e H™

Finally, owing to (4.23) and 917! = 91,

(Iy + PH*R™'H)V = (I + PH*R™'H)(v1 + dV) =01 + PH*R™ 'yl + dV T
=317 ' +dVT '+ PH*R 'y1 = VT~ ' + PH*R'y1.

This finishes the proof. O
(Proof of Theorem 7.1). From Assumption 3.2, the relation (7.4) is equivalent to
(I + 2PV, = Vi T, + 172 Py, . (7.6)
Let U, = u,1 € H™. From (7.3), we have U,, = U, T,;!. Hence,
(I + r 2P)U, = U, + r 2P, U, = U,T; ' + r 2P, U,. (7.7)
Setting E, = V,, — U, and subtracting (7.7) from (7.6) yields
(Iy + T*Qﬁn)En = EnT,fl + T*Qﬁn(yn —up)l = EnT,jl + 77 2Pyl

Owing to r—2P, » 0, Iy + r—2P, is invertible. Hence, multiplying (I3 + r’zﬁn)’l, we
obtain

E, = Iy +r2P) 'E, T + (I + 77 2P,) "' 2Pyl
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Let us divide E,, into the following two terms and evaluate them separately.

Ry = (I +r %P, 'E,T; ", (7.8)
Ry = (Iy; + r2P,) "'+ 2P, 1. (7.9)

Here, the dimension of Ran(P,) is m — 1 at most since ]3n consists of m vectors
with one constraint. Let II,, be the projection from H to Ran(P,), and we have Ry =
(Iy +r_2ﬁn)_lr_2ﬁnﬂnnn1. From (2.10), we have (Iy —i—r_Qﬁn)_lr_zﬁn =< I owing to
r‘zﬁn = 0. This leads to

|R2|§ < |Hn77n1’% = ‘Hnnn|2' (7.10)
Let J = Iy, +r~2P,. Then we have J,J ! € L(#) and |J 7|z < 1. We obtain
R\R} = J 'E, T, 2E:J .
Considering the relations dEn = d‘/}n and End‘/}; = d‘Aan,’; = d‘/}nd‘/;;l* , we have

7“_2

E,T?E: = E, |I, + — ldf/;dffn E*
(1) + dV,dV; + dV,dV, 2P,
€n

(E1)* 4 dV,dV,* J,

el
enl

where €, = 0,, — u,,. Since J ! is self-adjoint, we have
RiR: = J 'e,1(6,1)*J ' + J 'dV,dV* = J '6,1(J'6,1)* + J1dV,dV; .
Then, |R;|3 is bounded by
|Rif5 = |J"enl” + % Te(J1dV,dV,) < [T 2[e ) + u-m% Te(dV,dV )
< [Enf? + |dVal3 = | Enf3.

The first inequality follows from Lemma 2.12, and the second inequality holds owing to
|77tz < 1. From this with Lemma 5.3, we obtain the upper bound of |R1|s as follows.

|R1[3 < |En3 < €| E, 3. (7.11)

Since R; and Ry are conditionally independent under .%#,_1, it follows from (7.10)
and (7.11) that

EnfluEng] = Enflung] + EnfluRQg] < ewhEnleEnfl‘%] + Enflﬂnnnnm
= My | Epa 3]+ (m — 1)r?,

where the conditional expectation is denoted by E,_1[-] = E[ - | .%,—1]. Taking the

expectation yields
E[|E,l3) < e E[|Bnoil3] + (m — 1)r?

since the conditional expectation satisfies E[E,_1[-]] = E[-] in general. Applying this
inequality repeatedly, we obtain (7.1). O
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We also have the well-posedness of the EAKF.

Theorem 7.2 (Well-posedness of the EAKF). Under the same conditions as in Theo-
rem 7.1, for V,, generated by the EAKF (Definition /.16), the same error bound as in
(7.1) holds.

Proof. The proof is the same as that for the ETKF except for the estimate of R;. As
before, we omit the time index n in the following proofs for simplicity since n € N is
fixed. It is clear that

u=(Iy — K)u+ Ku. (7.12)
In the EAKF, the analysis ensemble is given by
V =01+dV = |(I — K)o + Ky} 1+ AdV. (7.13)
By subtracting (7.13) from (7.12), we have
E = (I — K)el + AdV + K (y — u)1. (7.14)

Recalling Lemma 4.4, we have (Iy — K)~! = Iy +r2P=J. In addition, Lemma 4.14
yields K = (Iy — K)r’2ﬁ = (Iy + r~2P)~Lp=2P. Therefore, the equality (7.14)

becomes
E =J 81+ AdV + (Iy; +r2P)"'r2Pnl.
We divide the ensemble of the error E as E = Ry + Ry with

Ry = J 'l + AdV,
Ry = (Iy + 7‘72?5)717’72?771.

Note that Rg is the same as in the ETKF. Since J = (Iy — K)~!, it follows from the
definition of the adjustment operator (4.27) that

AdV (AdV)* = (m — 1) (I — K)P = J AV dV™*.
Considering dV1* = 0, we have
RIRI = J'€1(J7'€1)" 4+ AdVAV*A* = J'e1(J'el)* + J'dVdV*.
This equal to Ry R] in the proof for the ETKF. O

Remark 7.2. Theorem 7.1 and Theorem 7.2 ensure the accuracy of the ESRF in a
short time interval. Additionally, these results hold even when H is infinite-dimensional
and they are analogous to Proposition 6.7 for the PO method. Compared to Proposi-
tion 6.7, a constant coefficient 2 does not appear in the second term of the upper bound
(7.1) in Theorem 7.1 and Theorem 7.2, indicating that the PO method is more influ-
enced by the variance of observation noises due to its stochastic implementation.
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7.2 Uniform-in-time error bound of the ESRF

We estimate the uniform-in-time error bound of the analysis error e, = T, — u,. Due
to the issue (i-1) in Section 6.2.2; we need to use Lemma 5.5 instead of Lemma 5.3 to

estimate the error growth for the ensemble mean.

Theorem 7.3 (Accuracy of the ETKF with the multiplicative inflation [82]). Suppose
dim(H) = N, < oo. Assumption 5.1 and Assumption 5./ are satisfied by the model
dynamics (6.2), and Assumption 3.11 and Assumption 3.2 are satisfied by the obser-
vation (6.4). Let uy, be the solution to (6.3) with ug € B(p), and let V,, be generated
by the ETKF in Definition /.15 with the multiplicative inflation in Definition 4.20 for
a > 1. In addition, suppose that the ensemble size m € N is large enough to satisfy
Amin(Po) > Ao with A\g > 0, and that U7(lk) € B(p) fork=1,...,m and n € N. Then,
for any € > 0, there exists ag = ag(p, 5, m, Ao, T,7,€) > 1 such that the following hold

for any a > «y.

(i) There exists Ay = M(p, B,m, Ao, 7y, 0) > 0 such that Amin(Pn) > Ay for all
n € N.

(ii) Forn €N and 6 = (1 + %22)\*)7262(5“)7, we have

Blleaf) £ O (Rlleoft + D)+ Nt 0 (L2012

- 1) D, (7.15)

1-90 1-90
where D = (gi’je and © = (1+ %%)\*)_2. Moreover, if 0 < 1, we have
N,r? 1-0
. 2] DM _
nh_{r(}oIEHeﬂ 1< T + (1 — 0 1> D. (7.16)

Proof. For simplicity, we write Xnmm = Amin (]3”) and A\ = N\, (P,). We first
estimate the change of the eigenvalue from A™% to X?m in the prediction step. To this
end, we interpolate the prediction step as @(k) = \I/t(v,(lk_l), P = ﬁ Z;C":l(@(k) —)®
(i)\t(k) — 1), At = Amin(Py) for t € [0,7]. Note that ﬁgk) € B(p) from Assumption 5.1.

The differentiation of P; with respect to t yields

d ~ I &N, — (k) = k) = ~ =
P=——N (@) -F) e @ )+ @ -5 @ (FE) - Fy), (7.17)

dp - L f(F(@"“) ~F@) @ @ o) + @ —5) @ (F@M) - F@)).
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It follows from Lemma 2.15 that, for ¢ € (0, 7), there exists w = w; € H with |w| =1

such that
d d ~
pr <“’v dtPt“’> -

To derive the lower bound of %)\t, we consider the absolute value of the right-hand side
of (7.18). Owing to |w| =1 and Assumption 5.4, we have

(o820 <2 35 () - 16 512 5.0}
k=1

1

(G e -sane) (Frm e -

k=1

The last inequality holds owing to @(’“) € B(p) and the assumption of Theorem 7.3.

Hence, it follows that

d
— N\ > —
at =

with a = 8%&)2 > 0. Integrating it from ¢ = 0 to 7, we have

Imin
)‘n

= A > e TN = e~ AR, (7.19)

The next step is to address the change of the eigenvalue in the analysis step. From
Assumption 3.2 and (4.36), we have

Oé2

Ppy = —— 1d17n,1(1m +a?y72P,_ ) NV,

where ]3n_1 = ﬁdf/;,ldffn_l e R™*™_ Next, for fixed n € N, we show that the
eigenvectors of ]3n_1 are also the eigenvectors of P,_1. Indeed, if ¢ € H satisfies
ﬁn—ld) = A\¢ with an eigenvalue A > 0, we have

- N 1 N N N o~ o~ ~
Py1dVyy 16 = ———dV;! 1dV,1dV, = AV Paoad = AV, 1.

Hence, it follows that

o

Pnflﬁb = m— 1d‘/}nfl(lm + a2’7_2f)n71)_1d‘7'rj—1¢
a2 ~ 1 ~.
 om— 1an,1 1+ a27_2)\an_1¢

a? a2\

= 7ﬁ _ =
L+a2y2) " 19 1+ a2y—2)\

o.
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Since the map A — is monotonically increasing, we obtain the relation between

o)
1+a2y=2)\
the minimum eigenvalues

2y min
o )‘n—l

a2 Ymin
1+ 2 amin

min __
n—1 —

(7.20)

Combining (7.19) and (7.20), we obtain the inequality for /)\\Z“"
—aTOZQXmin
e

e

’):min
- a2 Ymin

n

We now consider the following discrete dynamical system of the eigenvalue

An—l—l = g()\n)y )‘0 > 07

where g(\) = 61_:;%‘2;‘. Note that A\, > 0 for n € NU {0}. Let Ao = l—i(e“”aQ - 1)
772

be a fixed point of the dynamical system, i.e., Ao = g(Aso). Then, if e=%7a? > 1, the
ratio @ satisfies @ > 1 (resp. < 1) for A < A (resp. A > A ). Hence, we have
limy, 500 A = Aoso. On the other hand, lim,_yoo Ay, = 0 if e7%"a® < 1. Therefore, we
obtain the lower bound
Tmi S min 72 —ar 2 : cary Vo —ar 2
)\T”zmln{)\()m”,oﬂ(e Ty —1)}:m1n{e )\O,ﬁ(e ! —1)}:)\*>0
(7.21)

if and only if e77a? > 1.
Finally, we establish the recurrence inequality for E[le,|?]. Owing to Assump-
tion 3.2, the equality (4.35) is reduced to

(I + oy 2Py)0, = 0 + o>y 2Py,

As in the proof of Theorem 7.1, the error is divided into the two parts as e, = r1 + ro,

where
T = (IH + 042’)/_2?”)_1@\”, (7.22)
ro = (IH + a27_2ﬁn)_1a27_2ﬁn(yn - un)7 (7-23)

and €, = O, — . From (2.10), we have |(Iy + o2y 2P,)ta?y2P,|; < 1. We thus
obtain

ra| < |yn — un| = [1nl- (7.24)

From this lower bound of the minimum eigenvalue (7.21), we have | (I +a2y~2P,) Y| <
(1+ :—;)\*)_1. Hence,

62(6+6)h

(1+ %A*)Q

D

1
2 ~ 12 2
ri|© < enl” < en—11"+D , 7.25
| 1’ 2| ‘ (‘ 1| ) (1 :z)\*)2 ( )

(1+ 3‘—2)\*)
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where Lemma 5.5 is used for € > 0.

As in the proof of Theorem 7.1, we compute the expectations of r; and ro separately
Ellen|’] = E[lr1[?] + Ellr2”] <E [Jr1*] + Ellna)*) = E [Ir1[?] + Nun®
e2(B+e)h

<< b Nuo?
(1+2A) v

, b
(Ellen—1|]+ D) — (1+ 3—;)\*)2

< O(Ellen-1] + D) — 5 + Nuv? = 0(Ellen-1/*] + D) +3,

(I+52A)
where § = N,¥? — ©D. This leads to
Ellen|*] + D < 0(E[len—1[*] + D) + 6 + D.

Applying this inequality repeatedly, we finally have
1-6m

Ellen|”] < 0"(Elleol*] + D) + (0 + D) 7—5 — D
1—6m
= 0"(E[le[*] + D) + (Nuy* + (1= ©)D) 7—5 = D
1—6m (1-0")(1-0)
_pgn 2 2 .
= 0"(E[leo|”] + D) + Nuv 1_9—1-( T— o 1)D.
Moreover, if # < 1, (7.16) holds in the limit of n — occ. O

Similarly, we obtain the error bound of the EAKF.

Theorem 7.4 (Accuracy of the EAKF with multiplicative inflation). Suppose that the
same assumption as Theorem 7.3 for V, generated by the FAKF in Definition /.16

with the multiplicative inflation in Definition /.20 for o > 1. Then, the same error

bound as (7.15) and (7.16) hold.

Proof. The proof is same as that of Theorem 7.3 since it only uses the relationships in
Remark 4.22:

(Iy; + > P, H*R"H)0, = 0, + > Py H*R ™Yy,
2
P, = levn(fm + 2dV H*R~'HdV,)~'dV;".
m u—

These are shared with the ETKF and EAKF. O

Luo and Hoteit [68] derive both the upper and lower bounds for the multiplicative
inflation parameter o, and they ensure the residual error €] = y, — Hv,, remains within
a prescribed interval. The bound for « is adaptively computed using the prediction
residual error €/, = y,, — Ho,, before the analysis step at each time. They do not impose
any assumptions on the model dynamics. However, their theory only guarantees the
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bound for the residual error e’

r, not the actual error e, = u, — v,. In contrast, the

present results of the accuracy ensure the bound for the actual error e, provided that
the constants p and S for the model dynamics are estimated.

Compared to the additive inflation in Proposition 6.8, the multiplicative inflation
in Theorem 7.3 and Theorem 7.4 inflates the spread of the ensemble. As a result, we
cannot obtain the error bound for all members in the analysis ensemble V,,. Instead, we
establish the error bound for the analysis mean v,, using Lemma 5.5, which introduces
the additional constant D in (7.16). However, the additional term becomes negligible
and the filtering error tend to be the order of the observation noise in a certain limit.

Corollary 7.3. Under the same assumptions of Theorem 7.3, in the accurate observa-
tion limit (i.e., r — 0), the filtering error (7.16) satisfies

lim E[le,|*] = O(r?).

n—o0

2

2
Proof. Tt is clear that © = (W) = O(r*) and § = O(r*). Then, we have

= 0PI —1) + 0(8%) = 0(r?).

Therefore, it follows that

2
) 9; _ mr 1—@_ _ 9 4 4y 9
nhm E[|en| ]—1_9+<1_0 1>D—mr (L+0(r%) +0(r%) = O(re).

7.3 Numerical examples

The Observing System Simulation Experiment (OSSE) or twin experiment is a standard
process used to validate data assimilation algorithms numerically. It uses only synthetic
data generated directly from the numerical model rather than real world observations

to avoid issues related to the imperfect models and unknown measurement noises.
Definition 7.4 (OSSE). The standard process of the OSSE is as follows.

(1) Compute the true solution (un)N_, to (6.2) numerically.

(2) Generate random observations (yn)_, as in (6.4).

(3) Assimilate the observed data (y,)N_; and obtain the analysis states (ww,)N_; using
a data assimilation algorithm.

(4) Compute the error between u, and w, forn=1,...,N.
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In the EnKF, the analysis state is the ensemble mean, i.e., w, = v,,. We use the
square error (SE) at time n,

SE,, = |, — un|*. (7.26)

This is used in the error bounds (7.15) and (7.16) of Theorem 7.3. The root mean
square error (RMSE) at time n is also used

|7y, — up| _ SE,
VN, Ny’

which is normalized by the dimension of the model dynamics. These errors contain

RMSE, = (7.27)

the numerical error as well as the state estimation error since we use a numerical
approximation of the true solution in the step (1) of Definition 7.4.

Let us consider the L96 equation (5.6) as an example of the OSSE. We set J = 40
and f = 8. With these parameters, the L96 equation can exhibit chaotic behavior
since we have 8 = 2p —1 = 2y/2Jf —1 > 0 in (5.1) of Assumption 5.2 as stated
in Proposition 5.9. We first compute the solution u(t) up to 7' = NAt by using the
fourth-order Runge-Kutta method with a time step size At = 0.01, and N = 14400
time steps. The initial condition is set as

ug = (f *1.001, f,---, f)* € R’
= (8.008,8.0,---,8.0)* € R,

The evolution of the first component u'(¢) of the solution u(t) for 0 < ¢ < 144 is shown
in Figure 5(a). The projection onto the first two components (ul(t),u?(t)) € R? is
shown in Figure 5(b).

(a) (b)

0 50 100 150

Figure 5: The solution of the L96 equation (5.6) for (J, f) = (40, 8).
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We show the time evolution of the norm |u(t)|/v/J in Figure 6 to confirm the
boundedness of the solution. The norm quickly decays in the initial stage, which
demonstrates the dissipativeness of the L96 equation. After that, the norm remains

around the value of 4.0 and fluctuates aperiodically, indicating that the trajectory is
bounded.

| | | | |
0 20 40 60 80 100 120 140

o

Figure 6: The time evolution of the norm |u(t)|/v/J.

Now, let u(t) and uf(t) be two solutions to the L96 equation starting from the initial
states u(0) and u€(0) with |u¢(0) — u(0)|/v/J = € for a small scale € > 0. We show in
Figure 7 the evolution of the normalized error, |du(t)|/v/J, where du(t) = u(t) — uc(t)
and € = 1074, This indicates that the solution of the L96 equation exhibits sensitivity
to the initial perturbation, showing a chaotic behavior.
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Figure 7: Log plot of the time evolution of the normalized error |su(t)|/v/J for e = 1074,

We apply the ETKF to the L96 equation to validate the analysis in the previous
section. For a time interval 7 = 5A¢ = 0.05, we approximate the forward map V.
by the numerical solution u(t) computed above. First, we discard the solution up to
t = Not with Ny = 1440 so that it falls into an absorbing ball of the L96 equation.
Then, we sample the hidden true states (u,) %, with N; = 480 as follows:

n=1
up, =u(nt + No1), n=1,...,N;.

This process corresponds to the step (1) of the OSSE in Definition 7.4. Second, under
Assumption 3.2 for the observation system (6.4), we generate a time series of observa-
t

tions (y,)t, as follows.

Yn = Up + M, nan(O,TQI), n=1,..., Ny,

where the variance of the observation noises is 72 = 0.1. This process corresponds to
the step (2) of the OSSE in Definition 7.4.

In step (3) of the OSSE in Definition 7.4, we apply the ETKF with an ensemble size
m = J + 1. The initial ensemble is given by Vj = [e1,es,...,e5, — ZZ»JZI e;] € R/xm
for the standard basis e; (i = 1,...,.J) of R/ so that the assumption A\, (Co) > 0 in

Theorem 7.3 holds. From V; and (yn)gél, we compute the prediction ensemble (‘Afn)ﬁil

and the analysis ensemble (Vn)ﬁzl using the ETKF with the multiplicative covariance

inflation in Definition 4.20 for o = 1.0, 1.1, and 5.0.

The expectation E[SE,| is approximated by averaging over 20 different random
seeds to generate observation noises. Figure 8(a) shows E[SE,] for & = 1.0, 1.1, and 5.0.
We also show the error bound (7.16) for the case when the error growth is sufficiently
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suppressed by the inflation, i.e., § < 1. In this case, the bound is approximated by Jr?.
In addition, Figure 8(b) shows the minimum eigenvalue of the prediction covariance
Noin = )\mm(ﬁn) for = 1.0,1.1, and 5.0. These figures indicate that without the
inflation (a = 1.0), E[SE,] is larger than the theoretical bound (Figure 8(a)), and the
Amin ~ 10710 ig negligibly small compared to the variance of observation noise 7% = 0.1
(Figure &(b)). On the other hand, a large inflation parameter (o = 5.0) leads to that
Amin is bounded below by a value ~ 10~2, which is about 8 digits larger in magnitude
than that with a = 1.0 (Figure 8(b)). Then, E[SE,] is smaller than or has the same
order with the theoretical bound except at the initial time (Figure 8(a)). This result
supports Theorem 7.3, considering the approximation error of the theoretical bound
and numerical errors. With a relatively small inflation parameter (o = 1.1), E[SE,]
is even smaller than when a = 5.0 although 5\min still takes a small value. Therefore,
our estimate does not characterize the optimal . Nevertheless, this numerical result is
consistent with our theory since a large inflation parameter and a lower bound of the

minimum eigenvalues are sufficient conditions to obtain the error bound (7.16).

(a)

10°
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parameter o = 1.0,1.1,5.0.

Figure 8: Plot of (a) the evolution E[SE,] and (b) Plot of the minimum eigenvalue

We finally investigate the dependence of the time-averaged SE on the variance of

observation noise r2. Figure 9 shows the log-log plot of the time averaged SE for

a = 1.1,5.0 vs. r? with » = 1075,...,107%. Here, SE is computed using one seed

for random observations for each parameter pair (r,«). For a = 5.0, the theoretical
estimate SE = O(r?) in Corollary 7.3 is validated.
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Figure 9: The log-log plot of the time averaged SE vs. r? for the ETKF with multi-
plicative inflation for o = 1.1,5.0 and » = 1075, ...,10~%.
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8. Summary and future directions

The theoretical aspects of the EnKF have been investigated for dissipative dynamical
systems on Hilbert spaces. Regarding the EnKF, the consistency with the KF, the
exponential stability, and the error bound under ideal conditions have been established.
In particular, the main contribution of this thesis is summarized in the following three
points [82]. First, we prove that the filtering error of the ESRF is bounded for any
finite time, even in an infinite-dimensional state space. Second, with the multiplicative
inflation, we determine the minimum value of the inflation parameter « sufficient to
obtain the uniform-in-time error bound when the state space has a finite dimension.
These are the theoretical extensions of the analysis for the PO method to the case of
the ESRF. Last, the numerical example validates the error bound and demonstrates
that the bound for @ may be improved.

We show future directions. First, the accuracy results for the ESRF with multi-
plicative inflation, Theorem 7.3 and Theorem 7.4 can be extended to the case for the
PO method with the multiplicative ensemble inflation (1’) in Definition 4.20. To this
end, we need to estimate the eigenvalues of the ensemble covariance P, randomly gen-
erated in the analysis step of the PO method. Second, the error analysis of the EnKF
are limited in the case of full observations, which is an unrealistic setting in applica-
tions. We may extend the results for the 3DVar with partial observations in Table 1 to
that for the EnKF. For instance, considering the L63 equation, we conjecture that the
error bound might be obtained for the PO method with the additive inflation using the
partial observation operator (5.14).

Third, we assume that the ensemble size is larger than the state space dimension,
which is another theoretical limitation. In applications of the EnKF, it is usually
unexpected due to the limited computational resources. The dimension reduction in
dynamical systems is necessary to obtain the error bound with a small ensemble. For
instance, the determining modes for the 2D-NSE on a torus define a finite-dimensional
subspace, and partial observations from this subspace can reconstruct the state in
the whole space. Therefore, we could obtain the error bound if an ensemble size is
larger than the dimension of the subspace. Last, this thesis assumes that the exact
time evolution of dynamical models can be approximated without numerical errors, as
discussed in Section 6.2. Therefore, in the future, we should include numerical errors in
the error analysis of data assimilation algorithms by utilizing the theory of numerical
analysis. Relevant topics are addressed in [27] for the discretization of the Bayesian
inverse problem formulated in infinite-dimensional spaces and [76] for the treatment of

imperfect models.
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