Geometric Ergodicity of Hamiltonian Monte Carlo
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(1) total variaion:

dTV(Vl’V2) = HVl — V2HTV = SupAe]—'(Vl(A) — VQ(A)) — fA |§% _ ‘dl/g
(2) x>-BEAE:(Z AUIEREETIE W)
||V1_V2||X2: A|%_1|2d1/2

(3) Wasserstein-k #rff:
dw, (v1,v2)F = Wi(v1,v2)" = inf (x yyec(m va) Bl X — Y|*]

1.1 JILLEODOARER

7V BRBICR D SEOBIRICOWTIE R 2 S [1, ON CHOOSING AND BOUNDING PROB-
ABILITY]
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Amin - dry < Wi < diam(QQ) - dpy



2 EEERICHTc > TDIRE

HMC OIS ZFFHT 2 72 DIC K IRESN 25205, Sfizn=e U 2RL, K
TN U IRDWTERHEZIT. HANR S DI log-concave & gradient-Lipschitz T % .

2.1 Log-Concave

HMC DUIHIZEWT density D log-concave P (b L L IERT > > v LD convex M) 235 E
LEIND. ZTOEFRITIE convex optimization DEERAH 5. L L, JHH EIE non-convex 72
RE(LEDEE T 5558035 D, HMC @ non-concave density NDHEHDFEREDEHE > TN 5.

2.2 Gradient-Lipschitz

% D@D, gradient-Lipschitz P£2° 5 density 7> 5 FE X N 2 HERM D T ERXDMOTEED
IREND.

2.3 Bounded

IRREZERDIa > %7 P CTRT ¥ o v VDFE R, Log-concave %2 fH 3 fiHIC HMC DI
WERTZENTES.

3 SDE xRk

— iz MCMC 233 2 INHE RIS IS S 5 SDE OEEEILED / L 2R & LTI Z
TEHTES.

3.1 Langevin diffusion

HMC Offighkd 71 a1) X4 ¥ LT Langevin Monte Carlo 2% %. T4 m 225ED 5N
% Langevin 7121 & FHXN 5 LUT ORERM I R Z BEEUE (Euler scheme) L7z 7413 ) X
LTH 5.

dY; = —VU(Y;)dt + V2dB; (3.1)

[2, Durmus] i & % & U 2B % D convex MEX° gradient-Lipschitz DO REDILT 7 13
% log-Sobolev AEHXR YV, x5 2 IRAEZER D KITITHKTT U7 WIBRICRIE D R &L 5. 7z,
[Karatzas, Shreve]E2d Chapter5, Thm2.5 12 & % & gradient-Lipschitz 2> & (B1) & 2 XE—

*1 https://1ink.springer.com/content/pdf/


https://link.springer.com/content/pdf/
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3.1.1 SDE O#Iz
DIR7%5E12 LT SDE SBT3 H@BE DT 2B H 5.
Karatzas, Shreve; https://1link.springer.com/content/pdf/

Ergodicity for  SDEs; https://www.sciencedirect.com/science/article/pii/

Eponential convergence for LD; https://projecteuclid.org/journals/bernoulli/
volume-2/issue-4/Exponential-convergence-of-Langevin-distributions—and-

their-discrete—-approximations/bj/1178291835.full

4 UNER - Ergodicity

Markov kernel D€l Markov Chain IZF85%.

4.1 Markov kernel DK

(R4, B(R?)) k@ Markov Chain(X,,),>0 & % %. Z® Markov kernel &R (LE1T5.
(©,Bo) LD rv. 0 2% %, ZAIZLD Chain Z4ENT D7 v X a2 KRBT 5.

Definition 4.1. fy: R? —» R LT, RDIED Markov kernel & 2 5.

P(a.A) = [ Latfo(a))(d6) 7 €RY, A € BRY)
%, 731 ™ ~D chain % Metropolis-Hasting Algorithm 2 & o THiK T 2 DT fy DIFIILL

T k51Tk 5.

z) (u < a(z, ge(x
fol) = {ga ) (u < a(w, ge(x)))
x other
ZZTO=(&u) u~U[0,1] THY, € ~pe Mi(RY) 2 LT, ge & candidate(proposal)
map & PEHIN .
ge % F\WT proposal kernel @ : R x B(R?) — [0,1] 3 XTH 26N 3.

Q. A) = [ Latge(a)n(ae) r € RY A € BRY

*2 transion kernel ¥ $IFEN 3
*3 2L a 7 MEHIC DWW T https://1itharge3141. github.io/blog_pdf/markov_chain/markovchain.pdf
7EbBH


https://link.springer.com/content/pdf/
https://www.sciencedirect.com/science/article/pii/S0304414902001503
https://www.sciencedirect.com/science/article/pii/S0304414902001503
https://projecteuclid.org/journals/bernoulli/volume-2/issue-4/Exponential-convergence-of-Langevin-distributions-and-their-discrete-approximations/bj/1178291835.full
https://projecteuclid.org/journals/bernoulli/volume-2/issue-4/Exponential-convergence-of-Langevin-distributions-and-their-discrete-approximations/bj/1178291835.full
https://projecteuclid.org/journals/bernoulli/volume-2/issue-4/Exponential-convergence-of-Langevin-distributions-and-their-discrete-approximations/bj/1178291835.full
https://litharge3141.github.io/blog_pdf/markov_chain/markovchain.pdf

X, m Q(x, dy) IZZENZ N densityq(x, y), m(x) DIFEZIRET % &, acceptance probability
a(z,y) FRD X 512H1F 5

a(z,y) = 1A 7T(y)él(.w:;ls

m(z)q(z,y
(72721, S ={n(z)q(z,y) > 0}) FriZ m(z)q(z,y) =0 DHER a(x,y) =1 R 5.

Definition 4.2 (MH-type kernel). Markov kernel P %5 Metropolis-Hasting type(MH-type)
TH2FU T2y L.

P(z,A) = a(z,y)Q(z, dy) + r(z)d.(dy)
772U, r(x)=1- [a(z,y)Q(z,dy)

Lemma 4.3 (MH-type ®&EH). LT fo »0EF LIz P& MH-type £ 7% 5.

4.2 Exmaple

ge ORI BN 7 VT Y XL TRENT 5.

#£1 ge Of
Algorithm ge(x) £~
RWM x+€ mean zero symmetric measure on R¢
MALA 2+ 4Vlog(n(z)) + VhE N(0,1)
HMC Pr, o ¢r(z,p) E=(pT); p~N(0,M), T ~ measure on N

Remark 4.4. MALA ZLUR®D Langevin diffusion ® Euler-Maruyama scheme 12 & % BERUL.
dX, = Vlog(n(Xy))dt + v/2dW,

7272 L, Wi & Brawnian Montion.
4.3 Conditions
HHDER 54 7 IR T 2 725D Markov kernel P IZH 3 3% %2E 2 5.

431 TR CAEMNE
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Definition 4.5 (Markov BEZDIEH). u € Mi(RY) LT, pP € Mi(RY) 2R TE
H5.

uP() = / pldn) Pl )

FiRY SR st HR, BRY-AHICHLT, Tf: R 5 R 2RTED .

PrC) = | FW)PC.dy)
¥7z, m-step Markov BB P™ (m > 2) ZEIRINCLL R CTERT 5.
P, 4) = (PG )P ) (A) = [ Pl dy)P™ (0, 4) (1)
R4

Definition 4.6 (EH 751 & al#M). © € M(R?) 25 P-stationary(invariant) ¥ 1ZLLRASEL D
ACeR S

TP =7
F7z, & P2 reversible LIZLLRBRD IO &
m(x)P(z,dy) = 7(dy) P(y, dx)
Lemma 4.7. Markov kernel P 7% m (23t LT reversible ® & & 7 \& P-invariant £725.

Proof.

/ _ Fldn)P(r.dy) = / 7l Py ds) = w(dy) / Py, dx) = n(dy)

TEX
Lemma 4.8. 70t U TEFR L7 MH-type kernel 1 7 12 reversible 7% chain Z{E5.

432 TEBDHANDIR
RIC—B R EFETHNDICRERIES 272D DEKMEEEZ 5.

Definition 4.9 (¢-irriducible). Markov kernel P %3 3¢: o-finite measure on X 2% L T,
¢-irriducible (VKT )

YU HEorex v ¢d) >0r%2% A e BX)IKHL, 3 n = n(z,4) € N s.t.
P(x,A) >0

Example 4.1 (Running Example). 7 € M(R?) @ density ZFRMKIC 7 £ FE, 7 12T 3
MH-type Algorithm %% % %. proposal density q(x,y) 1& R? x R LIE(H, iy L, 7 13%



SRR E T 5.

ZDrE, Zo7Aa) XLE m-irriducible 72 5.

fEDIZ, Vo € R 2 m(A) > 0273 AWKNLT, IR > 0 st. n(Ar) > 0 (12721,
Ar = AN Bgr(0). XKD S, Je s.t. Vo € R inf,cpamin{q(z,y),q(y,z)} > €
m(x) >0 LT,E

P(x,A) > P(x,AR) > /

AR
> 6/ ™) 4,
Ap ()
€
> el{y € Apsm(y) = m(z)} + mﬂ({y € Ar;m(y) <m(x)})
7 1% Lebesgue PN U THENTHEKEZ DT |[AR| >0 TH D, ZODRANIFERHIC 0I5
v, kDS P(x,A) >0 272D, P& m-irriducible TH 5.

q(x,y) min [17 ﬁ

Definition 4.10 (aperiodic). P with EH 7346 © 23 appriodic ¥ \FR%ZWi7z3 d > 2 BFEIEL
BWZ . disjoint Ay, , Ay € B(RY) s.t.
P(z,Aiy1)=1ifx € A; and P(x, A1) =1 if v € Ay and (A1) >0

Example 4.2 (Running Example #t % ). :BHO@FE2 LT aperiodic D3 D LD, HHIKIZ
L hRT. disjoz'nt PAS X1, X C X s.t. 7T(X1),7T(X2) > 0D P(x,)@) =1Vre X BERD.
7 OFHEGNED S | X >0 &R 5DT,

P(z, Xy) > / q(z,y)a(z,y)dy > 0
yeX,

JRIZ asymptotic convergence theorem %R\ % . IREEZERNITA] B ML o REEIRET 5
25 (RY, BRY)) E Zhziizd. EHOGAX (3] 125,

Theorem 4.11 (EHTMANDIK). Markov 388 (T, 0,) \& ¢-irriducible, aperiodic TEH
T eM(X)Z2dbDTd. ZDOLErmae xe€XT

i ([P (z, ) - ()l =0
Remark 4.12. Theorem .11 X P 2 ¢-irriducible ¥ aperiodic % Bag 3 5753, © DEH DI
BTNV XL (MH-type 12 ¥ ) 2 Z IR EREETII R LR 5.

4.4  Geometric Ergodicity

RIZEEDTANDOPHRDE X ZFAM L 720, NEW (geometric) 72 UK % REET 2 DB
(Geometric)Ergodicity T® 5.

M 25 TRVWEEZ a(r,y) =1 RD, EHIZ Pz, A) BES.



Definition 4.13 (Geometric Ergodicity). Markov Chain P with stationary © 25 Geometri-
cally Ergodic £ 3L N &7z 3 2 L.
Jp < 1,3IM : R* — [0,1]; 7-a.e. finite s.t.

1P (2, ) =7 ()lrv < M(x)p"

Definition 4.14 (Lyapunov function, Drift condition). Markov kernel P 2% LT, Lyapunov
function V. SFET % (B L L& Drift condition Zii7z73 )
Wy R [1,00] 8.t 30 < A< 1,3b < 00, 3w < 00

PV(z) < AV(z)+ble,(x) (4.2)
7=72L, Cp={z;V(z) <w}

Theorem 4.15 (Geometrically Ergodic Theorem). z € RY Z 4 ¥ LT Markov kernel
P2 AERENS Chain 7 w-irriducible, aperiodic T®H Y, Lyapunov function V Z2HD¥
T5. ZD¥ = Pl Geometicaly Ergodic T®H 5. i.e.

Jp < 1,3IM : R? — [0,1]; 7-a.e. finite s.t.

1P (2, ) =7 ()lrv < M(x)p"

Example 4.3 (not irreducibile chain). U(z) = 2, L = 2,e = /2 D, é(z0,p0) = 79 & 72

D chain 1% not irreducibile.

Remark 4.16 ([d]). MH-type IZDWT, esssupr(z) =1 D& Z, geometric ergodicity \ZK
DSLTZTR\.

Example 4.4 ([3]). XTFOEDOBHWIAHITHN LT, Random Walk Metropolis \& not geomet-

rically ergodic.

m(z,y) o exp — (¢ + 2y* + y?).
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